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The anomalous surface states of symmetry protected topological (SPT) phases are usually thought
to be only possible in conjunction with the higher dimensional topological bulk. However, it has
recently been realized that a class of anomalous SPT surface states can be realized in the same
dimension if symmetries are allowed to act in a nonlocal fashion. An example is the particle-hole
symmetric half filled Landau level, which effectively realizes the anomalous surface state of a 3d
chiral Topological Insulator (class AIII). A dual description in terms of Dirac composite fermions
has also been discussed. Here we explore generalizations of these constructions to multicomponent
quantum Hall states. Our results include a duality mapping of the bilayer case to composite bosons
with Kramers degeneracy and the possibility of a particle hole symmetric integer quantum Hall
state when the number of components is a multiple of eight. Next, we make a further extension by
half filling other classes of topological bands and imposing particle hole symmetry. When applied
to time-reversal invariant topological insulators we realize a different chiral class (CII) topological
surface state. Notably, half-filling a 3d TI band allows for the realization of the surface of the
otherwise inaccessible 4d topological insulator, which supports an anomalous 3d Dirac cone. Sur-
face topological orders equivalent to the 3d Dirac cone (from the global anomaly standpoint) are
constructed and connections to Witten’s SU(2) anomaly are made. These observations may also be
useful for numerical simulations of topological surface states and of Dirac fermions without fermion
doubling.
I. INTRODUCTION
The d dimensional surface of a d+ 1 dimensional sym-
metry protected topological phase (SPT), exhibits an
anomalous implementation of symmetry that is not al-
lowed in purely d dimensional local system with the same
symmetry [1]. As an example, the surface of a 3d topo-
logical insulator hosts a single Dirac cone, which cannot
occur in a local 2d system without breaking time-reversal
(T ), or particle-hole symmetry (S) – a well known exam-
ple of a fermion doubling theorem.
A previously unnoticed loophole to this rule was re-
cently discovered in the context of the half-filled Landau
level (LL).[2–5] Namely, in the restricted Hilbert space of
the lowest Landau level of 2d electrons, with one electron
for every two lowest LL orbitals (half-filling), there is a
symmetry between describing many-body states as half-
filled with particles or half-empty (half-filled with holes).
However, unlike ordinary symmetries, which act locally,
the particle-hole symmetry (PHS) is defined only in the
restricted sub-space of the lowest LL. Since the LL has
a non-zero Chern number, one cannot construct a com-
plete, localized basis of orbitals in the lowest LL. Instead,
at least one of the orbitals must be extended across the
full sample. Hence, the PHS acting in the lowest LL is
inherently non-local, and as a result, can evade certain
limitations of local symmetries[6]. The strange, non-local
nature of the PHS can be alleviated by formally embed-
ding the half-filled LL in the zeroth LL of a massless
Dirac electron found at the surface of a chiral topological
insulator (class AIII[7, 8]) where the non-local nature of
the symmetry is reproduced by the anomalous properties
of the TI bulk, so that the symmetry acts locally on the
TI surface states. The theoretical power of this descrip-
tion is enhanced by a dual description of the chiral TI
surface in terms of composite fermionic vortices filling a
dual Dirac cone[2–5, 9], which is related to a variety of
other particle-vortex dualities[10, 11]. This dual descrip-
tion enables non-perturbative insights into the possible
strongly correlated phases of the half-filled LL.
In this paper, we ask whether other (d + 1)-spatial-
dimensional SPT surface states can be realized in one
lower dimension at the expense of having a non-local
action of symmetry, by half-filling various types of d-
dimensional flat-bands with non-trivial topology. Our
motivation is two-fold. First, topological flat bands are
naturally realized in various physical contexts (e.g. 2d
electrons in a strong magnetic field), where they ex-
hibit an approximate particle-hole symmetry. The per-
spective of a higher dimensional SPT surface state, and
dual descriptions (for special cases) in terms of com-
posite particles in zero field, allows one to use physi-
cal insight from traditional approximation schemes, and
non-perturbative results from topological quantum field
theory developed in the study of SPT surfaces, in or-
der to understand possible phases of the lower dimen-
sional system. Such partially filled flat-band systems
are inherently strongly correlated, and can exhibit in-
triguing phenomena from fractional quantum Hall effects
to high-temperature superconductivity [12]. However,
given the inherent non-perturbative nature of the inter-
actions in these settings, developing a controlled theory
of such correlated flat-bands remains a daunting chal-
lenge. The higher-dimensional surface state correspon-
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2dence we identify provides rare, topologically robust and
non-perturbative insights into these complicated highly
fluctuating systems.
A second motivation, is that the inter-dimensional
correspondence allows one to numerically simulate the
anomalous surface of a higher dimensional SPT phase,
without the computational overhead of also simulat-
ing bulk degrees of freedom – thereby avoiding certain
fermion doubling issues. Circumventing fermion dou-
bling restrictions could be beneficial not only for simu-
lating condensed matter systems, but also as a means to
simulating strongly coupled chiral matter, such as QCD
systems.
II. GENERAL CONDITIONS FOR
CORRESPONDENCE BETWEEN FLAT-BANDS
AND ANOMALOUS TI SURFACE STATES
We start by formulating a set of general conditions
for an inter-dimensional correspondence, in which a non-
local PHS of a topological flat band matches the anoma-
lous behavior of the surface state of a TI in one higher
dimension. The prototypical example of such an inter-
dimensional correspondence, is that between a half-filled
Landau level and a chiral TI (class AIII) surface state
with a single Dirac cone. To recall, in the limit of large
inter-LL gaps one can effectively project into the Hilbert
space spanned by the orbitals of the lowest LL. This
restricted Hilbert space exhibits a non-local PHS upon
half-filling, which precisely matches the Hilbert space and
PHS symmetry of the zeroth LL of the chiral TI surface
state in a magnetic field (note that for class AIII, the
magnetic field does not break the protecting PHS). Our
criterion will enable us to identify a number of previously
unconsidered examples of topological flat bands that are
related to higher-dimensional TI surface states.
The half filled Landau level example utilize free
fermion topological band structures, with nontrivial
Chern number (class A). Imposing particle hole symme-
try by projecting to a single, half filled band and consid-
ering only two body interactions (i.e. flat dispersion)
mapped this problem to the single-Dirac cone surface
state of a 3d class AIII topological insulator. The anoma-
lous realization of particle hole symmetry, as a nonlocal
symmetry in the projected bands, was key to the success
of this procedure. Therefore we will choose to general-
ize this procedure by considering other topological band
structures for fermions that we will choose to half fill, to
obtain an anomalous particle hole symmetry. The neces-
sary ingredients then are:
1. Without interactions, the system must posses a
non-trivial topological band structure for the free
fermions.
2. The system must possess a U(1) charge conserva-
tion symmetry to impose a fixed filling.
3. The topological nature of this band structure must
not rely on a local particle-hole symmetry, since we
will be placing the chemical potential in the cen-
ter of the band rather than at the natural E = 0
(though an additional local particle-hole symme-
try may be present at half-filling, as happens for
graphene, it must not play a defining role in the
band topology).
We will further restrict our attention to physically acces-
sible number of spatial dimensions d = 1, 2, 3 [13]. Half
filling a flat topological band satisfying these conditions
imposes an additional particle hole symmetry S, which
is an anti unitary operator (when acting on many body
states), defined by: Sc†rσS−1 = crσ, where c†r,σ creates
an electron with spin/orbital/flavor label σ at position
r. We can verify that the antiunitary nature of S is re-
quired by considering the transformation properties of
the creation operator of a generic single particle orbital,
n, ψn =
∑
rσ φ
n
rσcrσ, on which S acts as:
SψnS−1 = S
∑
rσ
φnrσcrσS−1 =
∑
rσ
φn∗rσc
†
rσ = ψ
†
n (1)
i.e. the anti-unitary operator S exchanges generic orbital
creation and annihilation operators, and hence commutes
with the Hamiltonian of the half-filled flat band.
Given (1), the starting point is a free fermion band
structure. For simplicity, we will restrict our attention
to the 10 fold way classification of the subset of non-
interacting fermion phases that incorporate only time re-
versal T and charge conjugation C symmetries, and will
neglect the role of other on-site or crystalline symmetries.
Symmetry Class dim
0 1 2 3 4 5 6 7
A Z 0 Z 0 Z 0 Z 0
AIII 0 Z 0 Z 0 Z 0 Z
AII 2Z 0 Z2 Z2 Z 0 0 0
CII 0 Z 0 Z2 Z2 Z 0 0
AI Z 0 0 0 2Z 0 Z2 Z2
BDI Z2 Z 0 0 0 2Z 0 Z2
TABLE I. Noninteracting fermion topological classification
in various dimensions for the relevant symmetry classes (A,
AII and AI) and the ones connected to them by adding a
chiral symmetry S, classes (AIII, CII and BDI respectively).
Half filling a topological flat band in the first set realizes the
surface state of the corresponding topological phase in the
second class, in one higher dimension. The cases studied in
paper are indicated in bold face. In this section we focus
on flat bands of the class AII topological insulators, in 2d
and 3d (shown in red and blue). They map to the surface
of topological phases of class CII in 3d and 4d. Note: all
dimensions refer to the number of spatial dimensions, i.e. are
one less than the number of spacetime dimensions.
Incorporating points (2,3) above leaves us with just
three candidate symmetry classes A, AI and AII for the
d dimensional flat-band system. Crucially, due to the
3shifting structure of phases in the free fermion 10-fold
way classification, in each of these cases (see Table I),
there is a corresponding class in one higher dimension
with the same free-fermion classification. Denoting the
free-fermion classification in symmetry class X in d di-
mensions as Cd(X), we summarize the relevant relations:
Cd(A) = Cd+1(AIII)
Cd(AI) = Cd+1(BDI)
Cd(AII) = Cd+1(CII) (2)
These relationships show that, whenever there is a
non-trivial d-dimensional flat-band with a non-local
PHS, then, there is a corresponding non-trivial higher-
dimensional TI surface state with a local, but anomalous
implementation of that PHS. A second necessary prop-
erty for realizing the higher dimensional surface state in a
flat band is that one should be able to disconnect the sur-
face state from the bulk bands. Of course this can only
occur in cases with particle hole symmetry, since oth-
erwise one can simply move the chemical potential to a
region without surface states, contradicting the basic as-
sumption that free fermion topological phases must have
gapless boundary modes. For previously discussed exam-
ples, this disconnection could be done simply by applying
a magnetic field to split the surface into Landau levels.
For time-reversal invariant classes, we will describe an
alternative scheme for surface state detachment in Ap-
pendix C 1.
With these ingredients in place, we are now in position
to explore the correspondence suggested by Eq. 2. Class
AI has non-trivial topological bands only high dimen-
sions d mod 8 = 4, 6, 7, 8, and can be ignored if we are
interested in physical systems (d ≤ 3). In each of the re-
maining cases for A and AII bands, we will find an inter-
dimensional correspondence. In the main text, we pro-
vide a detailed and pedagogical exploration of this corre-
spondence and its implications for half-filled flat bands.
Before doing so, we briefly summarize the main results.
A. Half filled Chern bands (A) and chiral TIs
(AIII)
Class A has non-trivial topological bands in 2d, clas-
sified by an integer valued Chern number, and poten-
tially corresponds to the surface state of a 3d AIII. This
surface state is characterized by an integer chirality, N
that represents the number of chiral surface Dirac cones.
We have already encounter an example of the correspon-
dence, Eq. 2 in this case: the half-filled LL (Chern num-
ber one), which corresponds to the single-Dirac cone AIII
surface state. By analogous reasoning, one can readily
verify that these correspondence between a 2d half-filled
Chern number-N and the chirality-N 3d surface state ex-
tends to all N . This correspondence enables us to lever-
age known resuls about the properties of interacting AIII
surface states[REFs] to gain insights into the behavior of
N· · ·
...
n = 0
n = +1
n = +2
...
...
n = 0
n = +1
n =  1
...N
~B
~B
FIG. 1. Half filled flat band/TI surface state corre-
spondence – N× half-filled Landau levels of 2d electrons,
corresponds to the zeroth Landau levels of the N-Dirac cone
surface state of a 3d chiral (class AIII) topological insulator.
seemingly unrelated multicomponent quantum Hall sys-
tems such as multilayer graphene at neutrality, or multi-
layer GaAs quantum wells in a strong field.
Interestingly, while the free-fermion band-
classifications match, the interacting classifications
do not. Whereas the Chern number remains robust to
interactions, the chiral TI surface state collapses modulo
N = 8 in interacting systems. We show that this enables
an unconventional correlated integer quantum Hall state
of 8-half filled LLs (e.g. bilayer graphene at neutrality,
and neglecting spin-splitting), which preserves the
non-local PHS.
To demonstrate this correspondence, we will begin by
examining the half-filled lowest LLs of bilayer quantum
Hall systems, such as spin polarized graphene in a mag-
netic field at neutrality, or GaAs double wells at half-
filling in a strong magnetic field. We show that these half-
filled bilayers realize the surface state of a 3d chiral TI
with two surface Dirac cones (protected by S symmetry,
i.e. in class AIII). Unlike the helical time-reversal sym-
metry protected TI (class AII) familiar from Bi2Se3 and
related materials[14] for which an even number of surface
Dirac cones would be topologically trivial, the double-
Dirac cone surface state of the chiral TI is anomalous and
cannot be realized in a local 2d system. We further show
that the half-filled bilayer permits a dual description in
terms of composite bosons, and analyze possible corre-
lated phases of this system from this dual perspective. A
related duality between bosonic SPT surface states and 2-
component QED was previously explored [15–17]. While
conceptually similar, this description does not directly
connect to the lower-dimensional electronic flat-band sys-
tem, which corresponds to an ungauged N = 2 Dirac
cone system, or a gauged boson SPT surface state. We
will see that this distinction changes the nature of sym-
metry preserving fractional quantum Hall states that are
possible for the half-filled N = 2 flat-bands. From the
dual composite boson perspective, we show that it is pos-
sible for the half-filled bilayer to preserve the non-local
S symmetry by forming an Abelian quantum Hall state
with Z4 topological order, which has an anomalous real-
ization of S symmetry. This anomalous surface topolog-
4ical order was previously obtained directly for the inter-
acting two-Dirac cone surface of the chiral Fermion (class
AIII) TI surface [18]. Here, we reproduce these results
from the dual composite boson perspective to demon-
strate equivalence of these two dual descriptions.
Next we generalize this construction to arbitrary num-
ber of layers. For example, the half-filled quadruple layer
quantum-Hall system (or bilayer graphene in a strong
field at charge neutrality), corresponds to a non-trivial
chiral TI surface with four Dirac cones, from which we
may identify new candidate phases including an Abelian
quantum Hall state with Z2 topological order, and a
gapless phase when enriched by an enlarged SO(5) × S
symmetry[15, 19–22]. We further find that strong inter-
actions can drive the half-filled octuple layer quantum-
Hall system into a non-fractionalized integer quantum
Hall state, without breaking the non-local S symmetry.
B. Half-filled helical TI bands (AII) and heli-chiral
TIs (CII)
Besides the correspondence between half-filled Chern
bands and Chiral TI surface states, our general crite-
rion predicts a second, previously unrealized correspon-
dence between flat time-reversal symmetric (“helical”,
class AII) flat-bands and a higher dimensional heli-chiral
TI surface states (class CII).
Class AII has non-trivial band topologies in 2d and
3d, exemplified by materials such as HgTe and Bi2Se3
respectively, and characterized by well known Z2 topolog-
ical band invariant [14]. Though these AII TIs typically
arise in weakly correlated materials, there are a grow-
ing number of materials with strong spin-orbit coupling
and strong correlations that may realize these phases.
In systems like SmB6, topological insulation is theorized
to arise from hybridization between conduction electrons
and local f-moments. This hybridization can result in
very narrow “heavy fermion” bands, for which interac-
tions can greatly exceed band-width. Half filling such
a half-filled heavy fermion band would result in an ap-
proximate non-local PHS, and which can lead to exotic
fractional phases, that can be described from the higher-
dimensional TI surface state perspective. Electrons in
class AII have conserved charge NF , and time reversal
symmetry with T 2 = (−1)NF . Combining the non-local
PHS, S, with time reversal yields a unitary (in the many-
body sense) particle-hole symmetry: C = ST , which sat-
isfies C2 = T 2 = (−1)NF . Therefore the resulting sym-
metry class has C2 = T 2 = −1 which corresponds to the
symmetry class CII.
We show that 2d and 3d half-filled AII flat bands, in-
deed correspond to the anomalous CII surface states in
3d and 4d respectively. To do so, we show that the sur-
face states of the CII TI can indeed by disconnected from
the bulk states, and flattened to achieve a one-to-one cor-
respondence with the lower-dimensional flat band. One
additional subtlety is that, unlike the half-filled Landau
level system, for which any two-body interactions pre-
serve the non-local PHS, for this time-reversal symmetric
(TRS) class, only certain types of interactions preserve
the PHS. We derive a general criterion, and show that
the presence of common crystalline symmetries can en-
sure that PHS is maintained in the interacting system.
For the 2d AII flat band, we carefully re-examine the
physics of the corresponding 3d CII TI, and correct pre-
vious incorrect claims from the literature[REF]. This up-
dated understanding of the CII TI enables us to derive a
dual description of the 2d flat band in terms of charge-
neutral composite boson vortices that transform anoma-
lously as C2 = −1, and explore possible fractionalized
topologically ordered states from this dual perspective.
Notably, the same correspondences works equally well
in one higher dimension. Namely, a 3d AII flat band en-
ables the realization of an anomalous 3d surface state of
a 4d CII TI. This opens the door to the study of anoma-
lous 3d topological orders, which had previously not had
a physical context in our 3d world. We show that this 3d
system with a non-local PHS realizes a close relative of
Witten’s well-known SU(2) anomaly[23], and construct a
topologically ordered state with a fractional axion angle
that preserves the anomalous PHS of this 3d system.
III. HALF-FILLED MULTILAYER QUANTUM
HALL SYSTEMS
We begin by examining N-layer 2d electrons with non-
relativistic dispersion in a external magnetic field that is
sufficiently strong in order that the inter-LL gaps greatly
exceed the interaction energy scale, and with particle
density equal to half of the total number of orbitals in
the lowest-Landau levels of the multilayer system (half-
filling). In the limit of very large B-field, we may re-
strict ourselves to the orbitals of the lowest LL, in which
case the 2d multilayer lowest LL Hilbert space is identi-
cal to that arising in the zeroth-Landau levels of N-Dirac
fermions at the surface of a chiral TI (symmetry U(1)×S,
class AIII) in a strong magnetic field (Fig. 1).
In the absence of a magnetic field, the surface Dirac
cones of the corresponding N-component class AIII TI
have a Hamiltonian of the form:
HAIII =
N∑
a=1
ψ†a (pxσ
x + pyσ
z)ψa (3)
where a is a flavor label ranging from 1 to N , each ψa is
a two-component 2d Dirac fermion, σ are Pauli matrices
operating in the psuedospin space of each Dirac flavor.
This surface state is protected by an anti-unitary parti-
cle hole symmetry, S = CT which can be viewed as the
combination of time-reversal, T and unitary particle hole
conjugation C. Namely, the particle-hole symmetry acts
like:
Sψa = iσyKψ†a (4)
5where K indicates global complex conjugation, which for-
bids all fermion bilinear mass terms:
∑
a,b ψ
†
aσ
ymabψb.
An external magnetic field, described by substituting
~p → ~p − ~A with ~∇ × ~A = B(~r)zˆ, preserves the S = CT
symmetry, since B is flipped by each of C and T . Hence,
the full spectrum of the Dirac Landau levels of the AIII
surface is S symmetric. However, in the corresponding
non-relativistic 2d system, only the lowest LL obeys S
symmetry. Since the orbitals of the lowest LL are not all
localized, the symmetry that interchanges these orbitals
being occupied or unoccupied is similarly non-local. As
explained above, this non-locality enables the purely 2d
system to realize the physics of an anomalous higher di-
mensional TI.
A second beneficial aspect of this relation is that,
formulating a manifestly S invariant description of the
purely 2d flat-band requires working within a non-locally
constrained Hilbert space (projected into the lowest Lan-
dau level), presenting daunting theoretical challenges.
While it may be possible to construct an explicitly low-
est LL projected theory of the half-filled LL of fermions
(e.g. following related approaches for bosonic particles
at filling fraction one[24, 25]), successfully implement-
ing such a program remains an outstanding challenge.
Moreover, even if successful, the analysis of such an ex-
plicitly lowest LL projected description is likely to be
complex and involved[25], and extracting the physical
properties of such a state can be challenging (however,
see Refs. [26, 27] for recent attempts). Instead, view-
ing the half-filled LL from the perspective of a higher-
dimensional TI surface, in which S symmetry is locally
implemented, allows one to use familiar field theoretic
tools and apply substantial physical intuition built from
ones understanding of simpler systems, to identify possi-
ble phases for the half-filled LL and compute their prop-
erties in a manifestly S invariant manner. This latter
advantage is substantially enhanced by the discovery of
dual descriptions that allow one to trade strong magnetic
field for finite density of dual vortex objects[2–5, 9] – al-
lowing dual description in terms of particles in zero net
field, skirting the thorny problem of contending with the
non-commuting geometric structure of the lowest LL.
A. Half-filled single layer (N = 1)
We begin by reviewing the single-component case,
which was previously studied in Refs. [2–5, 9]. A single-
component Landau level at half filling, in the strong field
limit such that inter LL mixing is negligible, corresponds
precisely to the zeroth Landau level of the single-Dirac
cone surface state of a chiral TI in a magnetic field. Since
the Hilbert spaces of these two problems coincide pre-
cisely, on the face of it, analyzing either partially filled
dispersionless band is equally hard. However, the 3d TI
surface theory permits a non-perturbative dual descrip-
tion in terms of neutral composite fermion vortices. From
this dual perspective, one can identify new natural can-
didate phases that manifestly preserve the non-local S
symmetry of the half-filled LL, which are difficult to ob-
tain directly in the original electron language, and hence
had previously escaped attention.
1. Dual composite fermion description
We briefly review the dual description of the AIII sur-
face state in terms of 4pi flux carrying fermionic vor-
tices. This duality is explained in detail in Refs. [2–5, 9].
One way to derive the dual description is to first con-
sider coupling the electrons in the bulk of the 3d chiral
TI to a compact fluctuating electromagnetic gauge field,
Aµ(~r, t)[4, 28]. The electromagnetic duality of the result-
ing bulk U(1) gauge theory has, via the bulk-boundary
correspondence of topological phases, a corresponding
surface duality between charge and flux-like excitations
of the surface.
Namely, integrating out the gapped bulk electron exci-
tations of the chiral TI produces a magneto-electric term
at θ = pi in the bulk action for the gauge field, which
(written in Euclidean space-time) reads:
Lbulk = i θ
4pi2
~E · ~B + . . . (5)
Consequently, the unit-strength monopoles (i.e. with∫
S
~B · d~a = 2pi for any surface, S, surrounding the
monopole), accumulate half of an electrons worth of po-
larization charge inside the AIII TI, i.e are dyons with
electric and magnetic charge (qe, qm) = (± 12 , 1). Since
the polarization charge does not alter the exchange statis-
tics, these (1/2, 1) dyons are bosonic particles. The min-
imal electrically neutral magnetic excitation can be ob-
tained by binding two (1/2, 1) dyons to form a (1, 2)
bosonic dyon, and then binding an electron to this com-
posite particle to form a neutral (0, 2) double-monopole.
The act of binding the extra fermion, required to neu-
tralize the polarization charge from θ = pi, alters the
statistics of the (0, 2) particle to be fermionic.
This magnetically charged fermion is a gapped exci-
tation that is in a non-trivial helical (class AII) topo-
logical insulator band (the same class as the usual 3d
electronic topological insulator realized in Bi2Se3). To
see this, first note that while S symmetry flips the elec-
tric charge, it preserves the magnetic charge. Hence, the
symmetry group for the dual (0, 2) fermions is U(1)moS
(where U(1)m refers to the magnetic charge conservation
of the U(1) gauge theory), i.e. S acts like ordinary time-
reversal on the dual magnetic fermions, so that the dual
fermions are in class AII. To see that the dual fermions
form a non-trivial AII state, note that the (0, 2) fermion
with magnetic charge qm = 2, sees a qe-electric charge
as a point-like source of 4piqe flux. I.e. a half-electric
charge, qe = 1/2 is seen as a strength-one “monopole” for
the qm = 2 fermion. Since the qe = 1/2 excitations have
unit magnetic charge (i.e. half of the magnetic charge
of the dual fermion with qm = 2), the qm = 2 fermions
6also exhibit a topological magneto-electric effect corre-
sponding at effective θ = pi, the hallmark of a topological
insulator state.[14] Moreover, since the AII topological
insulator requires that the dual fermions transform like
Kramers doublets under S symmetry, the (0, 2) fermionic
double monopole has S2 = −1 (see Ref. [29, 30] for more
details). This bulk duality has been more formally justi-
fied in Ref. [31] by studying the partition function of the
theory on non-trivial manifolds.
Due to the surface-bulk correspondence of topological
phases, the bulk electric and magnetic excitations of this
U(1) gauge theory also have corresponding surface exci-
tations with the same electric and magnetic charge and
statistics, which can be created by dragging the bulk exci-
tation across the surface into surrounding vacuum. One
can formally confine the bulk monopoles to go back to
the un-gauged AIII topological insulator without confin-
ing their surface avatars[4]. These thought experiments
reveal that the surface state of the AIII topological in-
sulator permits a dual description in terms of neutral
4pi-vortex-like fermion excitations (corresponding to the
bulk (0, 2) dual fermion of the now-confined bulk gauge
theory) that couple to a fluctuating U(1) gauge field
living only within the surface. Just as for the (0, 2)
double-monopoles of the bulk gauge theory, S acts on the
dual surface fermions as ordinary time-reversal. Such a
dual fermion surface theory is described by a simple La-
grangian
Lcf = ψ¯cf(i/∂ + /a− µγ0)ψcf − 1
4pi
adA, (6)
where the dual Dirac composite fermion ψcf couples to
a dynamical gauge field aµ, with a chemical potential µ
adjusted so that the composite fermion density[32] equals
toB/4pi, and we have introduced the short-hand notation
adA ≡ µνλaµ∂νAλ. More formal aspects of the duality,
both on the surface and in the bulk, are discussed in
Ref. [11, 33].
One can also readily verify that all of the anomalous
states of the AIII surface can be achieved in the dual pic-
ture, such as the S-breaking quantum Hall insulator[2–
5]. Explicit derivations of the duality have also been
obtained in certain spatially anisotropic coupled-wire
constructions[9].
2. Candidate phases for the half-filled LL
From the perspective of this 3d chiral TI surface, we
can envision various possible phases for the half-filled LL.
A conceptually simple possibility is that the interactions
could spontaneously generate a S-breaking mass, result-
ing in a quantum Hall ferromagnet (QHFM) with Hall
conductance either σxy = 0, 1 (or, at fixed filling, phase
separated domains of each). Domain walls in this QHFM
would then carry chiral fermionic modes corresponding to
the edge of a ν = 1 integer QH state.
Empirically, however, the half-filled lowest LL of GaAs
seems to realize a gapless composite Fermi liquid (CFL)
phase, which can be roughly viewed as a quantum dis-
ordered QHFM in which the gapless domain walls are
proliferated.[9, 34] Numerical simulations[35, 36] suggest
that the CFL preserves S-symmetry. A description of
the CFL phase can be obtained[2–5] through the dual-
ity (6) reviewed in the previous section: the CFL pos-
sesses a Fermi-surface of double-vortices ψcf of the elec-
tronic fluid. The crucial difference between the compos-
ite fermions viewed as vortices, compared to those orig-
inally obtained by flux attachment via a singular gauge
transformation[37], is that S symmetry is manifestly pre-
served in this description. The resulting physical differ-
ence is that the composite fermions are neutral particles
with an electric dipole moment that transforms under S
symmetry as a spin-1/2 degree of freedom does under
time-reversal symmetry. In particular, in the presence of
S symmetry, this dipolar psuedospin is polarized perpen-
dicular to the composite-fermion momentum, giving rise
to a quantized Berry phase of pi around the composite
Fermi surface. This predicted Berry phase manifests it-
self in transport experiments via the quantization of elec-
trical Hall conductance [2] and in an anomalous Nernst
effect[38].
In addition, the TI surface perspective suggests other
possible S-preserving quantum-Hall states with σxy =
1/2 that might be potentially realized for the right com-
bination of interaction potentials. For example, the single
Dirac cone surface state of the 3d chiral TI corresponding
to the half-filled LLL can exhibit a fully gapped S pre-
serving state with intrinsic topological order. One such
symmetry preserving surface topological order, dubbed
the CT-Pfaffian state, has been constructed in lattice
models[39]. The CT-Pfaffian state has non-Abelian topo-
logical order, with Ising (Majorana)-like non-Abelian ex-
citations. However, unlike the Pfaffian state proposed
by Moore and Read for the ν = 5/2 plateau, this CT-
Pfaffian preserves S symmetry, and in fact the S sym-
metry acts in an anomalous manner on the topological
excitations. While small-scale numerical simulations sug-
gest that the ν = 5/2 2dEG with Coulomb interactions
prefers to spontaneously break the underlying S symme-
try, it was recently proposed that impurities and other
effects could possible stabilize the alternative CT-Pfaffian
order in experimental systems.[40]
B. Half-filled bilayer (N = 2)
Having reviewed the previously studied case of a single-
component half-filled Landau level (LL), we now turn to
half-filled LLs in systems with two flavors of fermions.
One physical example is a GaAs bilayer quantum well
subjected to a magnetic field such that each layer is
at half-filling[41–43]. Another natural two-component
quantum Hall system is single layer graphene subjected
to a sufficiently strong magnetic field to spin-polarize
7the electrons, and with chemical potential tuned such
that the dominant-spin LLs are half-filled[44]. Project-
ing into the lowest LLs, this system also has a non-local
S symmetry that interchanges the states with all low-
est LL orbitals full and empty respectively. Applying S
changes the Hall conductance from S : σxy → (2− σxy)
(in units of e
2
h ) leaving σ
xy = 1 invariant. Just as for the
N = 1 case described above, this LL projected Hilbert
space with non-local symmetry is precisely the same as
the zeroth LLs of the surface of a 3d chiral TI (class AIII)
with two surface Dirac cones, where, in the 3d system,
the S symmetry extends to the full Dirac spectrum and
acts locally.
We will find a dual description in terms of composite
boson vortices, that have a Kramers degeneracy enforced
by S. Before diving into a detailed description of the du-
ality, let us anticipate this result using the following phys-
ical arguments. Let the two species of the N = 2 system
be labeled c, d. Note, we do not require that the relative
species number is conserved, just that we have a particle
hole symmetry, S that transforms the fermion operators
{ci, di} S←→ {c†i , d†i} and transforms the vacuum into the
fully filled state |0〉 S←→ ∏i c†id†i‖0〉. Clearly we have as
many fermions as flux quanta (half filled Landau levels
with N=2) so that we may obtain a description of parti-
cles in zero average field by “binding” a single unit of flux
to each electron, resulting in composite bosonic object.
Due to the Hall conductance, the extra flux quantum
will suck in a unit of charge that cancels the electron
charge, resulting in an overall charge neutral composite
boson. It remains to show that the composite bosons are
Kramers doublets - which implies that whenever there
are an odd number of flux quanta, states must appear
is doubly degenerate pairs. This is readily seen for the
simplest case of a single flux quantum Nφ = 1. The two
possible states are |1〉 = c†|0〉, and |2〉 = d†|0〉. Now un-
der particle hole symmetry we have c†|0〉 S−→ c(c†d†|0〉)
and d†|0〉 S−→ d(c†d†|0〉). This implies |1〉 S−→ |2〉 but
crucially |2〉 S−→ −|1〉. The negative sign simply appears
from anticommutation of the fermion fields and implies
S2 = −1 acting on the composite bosons leading to the
Kramers structure. A similar argument was used to dis-
cuss Kramers structure of composite fermions in [36] and
will appear below establishing the quantum numbers of
monopoles.
1. Dual composite boson description
The single layer conveniently thought of as a chiral
(class AIII) TI surface had a dual description in terms
of neutral composite fermions, that are 4pi-vortices with
Kramers doublet structure under particle-hole symmetry,
S2 = −1. These composite fermions form the surface
state of a helical (class AII) topological insulator coupled
to an emergent U(1) gauge field. Can we obtain a similar
dual composite particle picture of the half filled bilayer?
For the single layer, the dual description was obtained
by examining the surface consequences of bulk electro-
magnetic duality in the N = 1 chiral (class AIII) topo-
logical insulator. Let us employ the same tactic for the
bilayer. We start by by gauging the U(1) symmetry in the
bulk of the N = 2 3d chiral TI. The symmetry and topo-
logical properties of the resulting U(1) gauge theory were
derived in [28], and here we briefly review these results.
The key question to address is: what are the symmetry
and statistics of the neutral monopole, which will be the
bulk prototype for the dual composite particle.
To compute the properties of monopoles in the N = 2
state, it is useful to start in the limit of zero charge-
coupling so that the surface consists of two free Dirac
cones. Next, introducing a strength-one monopole in the
bulk induces two fermionic zero modes, Ψ1,2, (one for
each Dirac node), which can each be either occupied or
empty, corresponding to ±1/2 charge respectively. De-
note the possible states of the vacuum plus monopole
configuration with zero-mode occupation numbers n1,2 =
{0, 1} by: |n1, n2〉 =
(
Ψ†1
)n1 (
Ψ†2
)n2 |0, 0〉. These states
respectively have electric charge qe =
∑
i=1,2(ni−1/2) ∈
{0,±1}. The neutral, qe = 0, sector contains two states,
|1, 0〉 = Ψ†1|0, 0〉 and |0, 1〉 = Ψ†2|0, 0〉. Since S : Ψi → Ψ†i ,
these two neutral monopole states are interchanged by
S, and therefore are forced by symmetry to have the
same energy. Moreover, these two states transform un-
der S like a Kramers doublet: S
(|1, 0〉
|0, 1〉
)
=
( |0, 1〉
−|1, 0〉
)
(to see this, one can simply choose a gauge in which
S : |0, 0〉 → |1, 1〉, and S : Ψi → Ψ†i , the result being
independent of gauge choice).
All of the |n1, n2〉 states are bosons. This can be seen
by starting with a unit magnetic monopole in a vacuum
with θ = 0, and turning up θ to 2pi to obtain the AIII
TI (this can be done while preserving the bulk gap by
breaking S at intermediate stages where 0 < θ < 2pi,
which will not affect the monopole statistics). Turning
on θ = 2pi produces a magnetoelectric polarization giv-
ing the monopole unit electric charge, resulting in a dyon
with electric and magnetic charge (qe, qm) = (1, 1) cor-
responding to the state |1, 1〉 described above. Since the
polarization charge cannot alter the exchange statistics of
this particle, the (1, 1) dyon remains a boson. Moreover,
binding an electron to screen away its charge and obtain
a neutral (0, 1) monopole does not change its bosonic
statistics, since the fermion statistics of the added charge
is cancelled by the mutual statistics between the electron
and the (1,1) dyon.
Assembling these observations, we see that the neu-
tral monopoles are bosonic Kramers doublets under S
symmetry, having S2 = −1. Like the N = 1 case, S
acts on the magnetic charges like time-reversal rather
than particle-hole symmetry (i.e. is anitunitary and
does not flip the magnetic charge). Thus, the (0, 1)
bosonic monopoles have symmetry group U(1)m o S,
8i.e. are in class AII. Moreover, if we view the (0, 1)
bosonic monopole as the “charge” of the theory, its dual
“monopole”, with (qe, qm) = (1, 0), is a fermion (the orig-
inal electron). The fermionic nature of (1, 0) implies that
the (0, 1) boson monopoles are in a non-trivial SPT phase
protected by U(1)m o S symmetry. Indeed, the statis-
tical transmutation of a monopole from fermion to bo-
son, dubbed the “statistical Witten effect”, is the hall-
mark of a bosonic topological insulator phase protected
by U(1)m o S, which has dual θ-angle 2pi.[34, 45]
Then, repeating the arguments of [4], from the bulk
electromagnetic duality, and the bulk-boundary corre-
spondence, we see that the N = 2 AIII surface state,
has a dual description in terms of neutral, bosonic 2pi-
vortices that are Kramers doublets under S, couple to
an emergent electromagnetic gauge field, and form the
anomalous surface state of a bosonic TI with bulk θ = 2pi.
Comparing to the N = 1 case, we see that apart from the
obvious difference in statistics, the composite bosons of
the N = 2 surface carry half of the flux compared to
composite fermions for the N = 1 case.
Hence, the half-filled bilayer can be described by the
dual composite boson effective action:
Ldual = LbTI[a] + adA
2pi
+
AdA
4pi
(7)
where LbTI[a] describes the anomalous surface state of
the 3d boson TI with bulk θ = 2pi, coupled to the emer-
gent gauge field, a. The flux, ∇×~a2pi corresponds to the
electron density, and the second term captures the min-
imal coupling of the electron current and the external
gauge field, A. Finally, the last term appears due to the
unconventional non-local action of S symmetry, under
which L → L′ + 2AdA4pi , where L′ represents the ordinary
transformation by the local part of S, and the extra Hall
conductance term appears due to the non-local action of
exchanging full and empty Landau levels. In the follow-
ing sections, we will analyze various possible boson TI
surface states for LbTI, and analyze the corresponding
states of the half-filled bilayer.
2. Quantum Hall “ferromagnet”
Since the composite bosons are placed at finite den-
sity due to the applied magnetic field, the conceptually
simplest possibility is that they can condense to form a
superfluid. Any such condensate of unit gauge charge
breaks the S symmetry, due to the Kramers structure
of the composite bosons. Additionally, the condensate
will produce a Higgs mass for the emergent gauge field
a, resulting in a trivially confined phase with no frac-
tional excitations. In the half-filled bilayer context, this
condensate does not introduce any extra physical Hall
conductance, and hence results in a trivial insulator with
Hall conductance σxy = 1.
In terms of the original electrons, this state corre-
sponds simply to a quantum Hall “ferromagnet”, i.e. an
inter-layer coherent state in which the electrons fill half of
the orbitals of the lowest LLs to form a trivial Hall insu-
lator with broken S. Such an interlayer coherent Hall in-
sulator state may happen spontaneously due to repulsive
inter-particle interactions that lead to effective attraction
in the exchange channel, favoring spontaneous orbital po-
larization – a quantum Hall “ferromagnet” in which half
of the available orbitals are spontaneously filled, and the
other half remain empty, resulting in a non-fractionalized
quantum Hall insulator σxy = 1.[46]
The remaining piece of the puzzle to confirm this cor-
respondence, is to understand how the gapped electron
excitations of the quantum Hall ferromagnet appear in
the dual composite boson description. To see this, we
will closely parallel the analysis of [34] for gauge-neutral
bosons at the surface of a helical bosonic SPT, but in-
corporating the effects of a fluctuating U(1) gauge field
relevant to the composite boson system dual to the half-
filled bilayer. Since the composite boson fields, ba, form
Kramers doublets under S symmetry, they have at min-
imum two components, which we will denote by pseu-
dospin labels a ∈ {↑, ↓}. We will work in the limit of
an enlarged symmetry, where these pseudo-spin species
are separately conserved, and later (if necessary) ad-
dress the consequences of breaking this separate spin
and charge conservation down to just a single U(1). The
charge-1 superconductor corresponds to a condensate of
〈ba〉 = ρ0eiθa . They key property which arises due to
the system being a helical SPT surface state, and which
distinguishes it from that of a conventional superfluid,
is that the vortex in b↑ condensate carries half a unit
of gauge charge of the ↓ species.[34] There are, thus,
four species of vortex excitations ψ±,a, two for each spin
species a, which carry ±1/2 spin-charge of the opposite
spin-boson. As in any dual description of a superfluid,
the vortex fields are non-local objects, and have long
range interactions that can be viewed as being mediated
by gauge fields α↑,↓, whose magnetic flux corresponds to
the boson densities: jµba =
1
2pidαa. Following [34], we can
write an effective field theory in terms of either pair of
vortex fields: ψ±,↑ or ψ±,↓; here we choose to work with
ψ±,↓:
LbTI-SF =
∑
s=±
1
2
|
(
i∂µ − α↓,µ − s
2
aµ
)
ψs,↓|2 + α↓da
2pi
(8)
In this description, the vortices ψ±,↓ can be viewed as
fractions of b↑ = ψ
†
+,↓ψ−,↓, and the density of b↓ is the
given by 12pi∇× ~α↓.
This easy-plane CP 1 theory is self-dual[15, 47], and
the S symmetry, which exchanges b↑ and b↓, acts as a
duality transformation. To make this more precise, let us
assume that the easy-plane CP 1 theory in Eq. (8) does
have a continuous critical point. A naive anti-unitary
9particle-hole transform S0 acts in Eq. 8 as
(at, ax,y)→ (at,−ax,y),
(αt, αx,y)→ (αt,−αx,y),
ψ± → ψ±. (9)
This transformation leaves everything invariant except
for the mutual Chern-Simons term αda, which acquires
a minus sign under S0. To recover the sign of this Chern-
Simons term, we perform a self-duality transform by
transforming ψ± to their vortices. After a few lines of
algebra by integrating out trivial degrees of freedom, we
obtain a Lagrangian that takes exactly the same form as
Eq. (8). Thus the particle-hole symmetry S should be
implemented as S0 followed by a self-duality (particle-
vortex) transform. In particular, since the boson mass
term m+|ψ+,↓|2 + m−|ψ−,↓|2 is invariant under S0 but
changes sign under the self-duality transform, it is odd
under the combined particle-hole transform S. This im-
plies that the simple condensate 〈b↓〉 6= 0, corresponding
to positive mass for both ψ±,↓, breaks S symmetry – con-
sistent with the fact that S2 = −1 on b. In Appendix A
we provide another derivation of the duality between the
two-flavor Dirac fermion theory and the bosonic gauge
theory Eq. (8), including the nontrivial implementation
of S symmetry on the bosonic side.
In the superfluid phase, both of the vortex species ψ±,↓
are gapped. The physics of this state can be seen more
clearly if we rewrite the gauge fields a± = α↓± a/2. The
above Lagrangian then becomes (after ignoring gapped
ψ fields at low energy):
L = 1
4pi
(a+da+ − a−da−) + 1
2pi
(a+ − a−)dA+ 1
4pi
AdA,
(10)
where the last two terms come from incorporating the
boson TI surface state, LbTI-SF into the full action, Eq. 7
for the half-filled bilayer. The above theory clearly de-
scribes a non-fractionalized state, with Hall conductance
σxy = 1, and gapped fermion excitations that are 2pi flux
of a±.
Hence, we see that the superconductor of b is indeed
the S breaking quantum Hall ferromagnet. The low-
energy collective excitations of the resulting quantum
Hall ferromagnet depend on the underlying symmetries
of the bilayer. The composite boson description above
applies for the case in which there is no separate conser-
vation of charge in each layer. In this case, the quantum
Hall ferromagnet was fully gapped. However, in the ab-
sence of interlayer tunneling, this interlayer charge differ-
ence is conserved, and the system can be described as two
independent copies of the composite Dirac liquid. Here,
the quantum Hall ferromagnet may arise via spontaneous
interlayer exciton condensation, resulting in a fluctuating
“superfluid” mode[48, 49], with measurable consequences
such as interlayer exciton supercurrent drag effects.[50]
3. Symmetry preserving anomalous fractional quantum
Hall state
A more interesting possibility arises if the exchange
channel interactions are frustrated, e.g. leading to strong
quantum fluctuations that can disorder the quantum Hall
ferromagnet leading to a S preserving state. Since this
system corresponds to the surface of a 3d SPT, the result-
ing S preserving state can only be fully gapped if there is
an accompanying topological order. The dual description
in terms of gauge-charged bosons that form the surface
state of a (gauged) helical boson SPT in class AII (sym-
metry U(1)g o S ), is useful for identifying possible such
gapped, symmetric quantum disordered liquids.
To explore this possibility, we first ignore the fluctua-
tions of the emergent gauge field, a. Then, the compos-
ite boson system is identical to the surface of a bosonic
TI with bulk electromagnetic θ-angle 2pi[34] .This bo-
son TI surface can exhibit a quantum disordered sym-
metry preserving state with Z2 topological order, whose
emergent quasiparticles include bosonic spinons (e) and
visons (m) both carrying half-unit of the composite bo-
son charge. This state can be obtained by phase dis-
ordering the composite boson superconductor described
in the previous section, by condensing two-fold vortices
〈ψ+↑ψ−↑〉 = 〈ψ+↓ψ−↓〉 6= 0 such that S symmetry is
restored[34]. The e and m particles are then remnants
of the single unpaired vortices. These particles see each
other as pi fluxes, i.e. acquire a phase of θe,m = (−1)
upon braiding. A notable difference to the cases studied
in [34], is that due to the Kramers structure of the dual
bosons in the present case, S symmetry interchanges the
e and m particles.
Upon incorporating fluctuations of a, this phase is no
longer gapped due to the gapless photon mode a and, in
fact, corresponds to an electron pair superfluid state of
chiral TI surface. To obtain a fully gapped phase without
breaking S symmetry, we may pair condense the compos-
ite bosons, with 〈b2↑〉 = 〈b2↓〉 6= 0. This pair condensation
has three important effects. First, a Higgs mass is pro-
duced for a, so that the state is now fully gapped and
topologically ordered. Second, pi-vortices v of the com-
posite boson pair condensate emerge as a new gapped
excitations. As for an ordinary superconductor of elec-
trons, vortices are bound to pi-flux of a, and hence have
physical electrical charge of 1/2. Third, the condensate
perfectly screens the emergent gauge charge of a, such
that formerly a-charged excitations are bound to an ap-
propriate fraction of the condensed boson pair to become
charge neutral. Due to this screening a neutralized par-
ticle formerly with a-charge q obtains statistical phase of
eipiq upon encircling a vortex.
Denoting the “neutralized” particle obtained from
screening away the a-charge of a particle X as X˜,
the resulting topologically ordered state has excitations:
e˜, m˜, ˜ = e˜× m˜, b˜, vn, . . . and various combinations. The
e˜, m˜, ˜ particles have the same self- and mutual statis-
tics as their un-neutralized counterparts. However, e˜, m˜
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have mutual statistics eipi/2 with the vortex v, since they
are screened by a fraction of the condensed boson pair.
The resulting phase has the topological structure of a Z4
gauge theory in which e˜ and v are respectively the unit Z4
“charge” and “flux” excitations respectively. The theory
also contains a fermion (the electron): c = b˜× ˜×v2, that
has trivial statistics with all other particles, and physical
electrical charge-1 (coming from the 2pi flux of a bound
to the v2 part). The anyon types, symmetry properties,
and exchange statistics of this anomalous Z4 topological
order are summarized in Tables II and III.
Precisely the same surface topological order can be ob-
tained directly in the fermion language, by phase disor-
dering the superconducting two Dirac cone surface of the
N = 2 class AIII TI.[51, 52] Here, we have obtained the
same result using the dual boson description to illustrate
the equivalence of these two perspectives.
In the context of the half-filled bilayer quantum Hall
system, this topologically ordered phase will have unit
Hall conductance, as for the S-breaking quantum Hall
ferromagnet described above. Despite having the same
Hall conductance, this topologically ordered phase is dis-
tinct from the S-breaking quantum Hall ferromagnet in
that it 1) preserves symmetry, and 2) has fractionalized
anyonic excitations that carry half-charge and transform
as Kramers doublets under S symmetry. Experimen-
tally detecting these fractional charges may be challeng-
ing since there are likely no additional edge modes asso-
ciated with the Z4 order since S symmetry is broken at
the boundary, thus eliminating the possibility of detect-
ing these fractional charges through shot-noise or edge
tunneling measurements. A simpler, but less direct test,
would be that, at half-filling in each layer and in the ab-
sence of interlayer tunneling, the S-breaking interlayer
coherent state would exhibit a Goldstone mode resulting
from interlayer exciton condensation, whereas, the topo-
logical ordered state would be fully gapped. Such dif-
ferences could be measured in local compressibility mea-
surements, or by looking for the presence or absence of
exciton-supercurrent drag effects when separately con-
tacting the two layers. Actually, the above Z4 topological
order preserves the U(1)1 × U(1)2 symmetry associated
with particle-number conservation in each of layers 1 and
2 (see Appendix B). If interlayer tunneling is also absent
at the edge then the Z4 topological order will possess a
non-trivial edge structure, which is responsible for the
separate layer Hall-conductances σ
(1)
xy = σ
(2)
xy =
1
2 being
quantized (see Appendix B). These edge states could be
potentially probed experimentally.
C. Half filled quadruple layer (N = 4)
With these examples in hand, we may freely continue
to generalize to even higher Chern numbers. Physically
relevant examples with Chern bands of N = 4 include
spin-polarized bilayer graphene in the zeroth LL limit,
and 4-layer GaAs systems at half-filling in each layer.
θ charge S-partner S2
e˜ 1 0 m˜
m˜ 1 0 e˜
˜ = e˜× m˜ −1 0 ˜ −1
b 1 0 b˜ −1
vn 1 1
2
v−n
c = b× ˜× v2 −1 1 c†
TABLE II. Symmetry properties – for symmetry preserv-
ing anomalous fractional quantum Hall state of the half-filled
bilayer. Here, b is the dual composite boson which forms a Z2
topological order, and then pair condenses. e˜, m˜, and ˜ are re-
spectively the charge, flux, and fermion of the Z2 topological
order. vn is an n-fold vortex of the dual boson pair supercon-
ductor, and c is the local electron. θ denotes topological spin
of the particles (see Table III for mutual statistics). Heading
“charge” denotes physical electron charge, “S-partner” de-
notes the anyon type that a given anyon transforms to under
particle-hole symmetry S, and S2 is only well-defined only for
anyon types that are invariant under S.
e˜ m˜ b vn
e˜ 1 −1 1 in
m˜ −1 1 1 in
b 1 1 1 (−1)n
vn in in (−1)n 1
TABLE III. Topological properties – for symmetry pre-
serving anomalous fractional quantum Hall state of the half-
filled bilayer (see Table II for definitions and symmetry prop-
erties).
Generalizing the previous two examples, the half filled
N = 4 case corresponds to a four-Dirac cone surface
state of a 3d chiral TI. In the presence of interactions,
this surface state is topologically equivalent to a bosonic
SPT surface state, protected by S-reversal alone – i.e.
with no anomalous action of charge conservation sym-
metry [39, 51, 52]. Closely related to this, the bulk mag-
netic monopole in this N = 4 chiral TI phase has trivial
S quantum numbers, implying that the phase does not
permit a dual description in terms of point-like dual com-
posite “vortices”. Nevertheless, the perspective of the
higher dimensional SPT surface is useful for identifying
possible phases of the half-filled quadruple layer.
The simplest candidate state for this 4-Dirac cone SPT
surface is a spontaneously S breaking quantum Hall fer-
romagnet with σxy = 2. Another possible fate of the
quantum disordered Hall ferromagnet, previously known
from the chiral TI surface perspective[18, 39, 51, 52],
is that the system can form a fractionalized phase that
preserves S symmetry, at the expense of developing Z2
Abelian topological order. In this anomalous topological
order the elementary Z2 charge, e, and flux, m, excita-
tions have integer charge but anyonic mutual statistics,
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and transform as Kramers doublets under the non-local
S symmetry. Directly confirming this topological order
by measuring the presence of anyonic excitations can in
principle be done using interferometric techniques, but
may be experimentally challenging. It remains an open
question of how one may more realistically detect the
anomalous symmetry properties of the excitations in this
Z2 topological order. A third intriguing possibility is that
the system may develop some larger emergent symmetry,
which protects a fluctuating gapless phase. We will ex-
amine this prospect below.
D. Half-filled octuple layer (N = 8)
Finally, we conclude the discussion of Chern bands by
examining the case of Chern number eight, i.e. of the
half-filled octuple-layer quantum Hall system. In the ab-
sence of interactions, this system corresponds to the sur-
face of an chiral TI with eight surface Dirac cones. While
this eight Dirac cone state has non-trivial band topology,
in the presence of interactions, this 3d TI phase becomes
topologically equivalent to a trivial insulator.[39, 51, 52]
Hence, it is possible for interactions to fully gap out the
half-filled octuple-layer quantum Hall state to result in
an insulator with Hall conductance σxy = 4, which fully
preserves the non-local S symmetry. This corresponds to
a quantum-disordered quantum Hall ferromagnet, which
for N = 8, need not exhibit any topologically non-trivial
excitations.
While the resulting state is a featureless paramagnet,
this result is conceptually interesting, as it is enabled
purely by strong correlation effects. Namely, without in-
teractions, it is impossible to make a S-preserving band-
insulator out of the lowest Landau level orbital of the
octuple-layer quantum Hall system at half-filling. More-
over, despite the collapse of the 3d TI invariant under in-
teractions for N = 8, the corresponding 2d Chern bands
remain non-trivial and distinct topological bands regard-
less of interactions effects. Hence, we find a simple exam-
ple where a half-filled topological band in 2d corresponds
to a trivial insulator in higher dimensions.
We note that both the featureless paramagnet in this
section and the Z2 topological order in section III C break
particle number conservation in each layer, and, as a re-
sult, only preserves S which acts identically on all lay-
ers. In fact, as long as particle-number conservation in
each layer is preserved, S symmetry implies that the Hall
conductivity of each layer is σxy = 1/2, so no featureless
state is allowed for any number of layers N . For any N ,
topological order that preserves particle number conser-
vation in each layer can be constructed, e.g. by stacking
N/2 copies of N = 2 Z4 order in appendix B. This topo-
logical order will support non-trivial edge-states neces-
sary to maintain σxy =
1
2 in each layer.
IV. MULTICOMPONENT LANDAU LEVELS
WITH LARGER SYMMETRIES
In this section, we consider half-filled multicomponent
Landau level systems with additional local symmetries.
We start with Abelian symmetries, such as a conserved
spin-component (U(1)spin). Next we explore how addi-
tional non-Abelian symmetries can lead to protected gap-
less states, previously discussed in the context of decon-
fined criticality.[15, 22] Examples include SU(2) orbital
symmetry in a two-component, or SO(5) symmetry in
four-component LL systems.
A. N = 2 with U(1)spin
Above, we have considered the TI surface correspon-
dence of half-filled multicomponent Landau levels with
only charge conservation and non-local particle-hole sym-
metry. In the following sections, we examine the SPT
surface state correspondence for 2d systems with addi-
tional continuous symmetries. One such possibility is
having a half-filled quantum spin-Hall state, in which
there is a conserved component of spin resulting in an ad-
ditional U(1)spin symmetry, and in which opposite spin-
species have opposite filling fractions, e.g.: ν↑ = +1/2,
and ν↓ = −1/2. Such a quantum spin Hall state at in-
teger filling, has been achieved experimentally in twisted
bilayer graphene[53], and its half filled analog would cor-
respond to the surface of a 3d electronic SPT phase with
U(1)c ×U(1)spin o S, which can be viewed as two copies
of N = 1 AIII TI, with opposite magnetic fields applied
to the two copies. Each copy has a dual description via
the composite fermion theory (6), so we get
L =
∑
s=↑/↓
(
ψ¯cf,s(i/∂ + /as − µγ0)ψcfs −
1
4pi
asdAs
)
(11)
where A↑/↓ is the external gauge field coupling to ↑ / ↓
electrons. Note that that the two Dirac cones have oppo-
site doping ψ†cf,↑ψcf,↑ = −ψ†cf,↓ψcf,↓. We note also, that
breaking the U(1)spin state by allowing interlayer tun-
nelling or pairing, in a way that preserves S-symmetry,
will lead to the dual composite boson description dis-
cussed above in the absence of spin-conservation. The
composite bosons have 2pi flux, and can be viewed effec-
tively as fractions of the 4pi flux object ψcf,↑ψcf,↓ in the
spin conserving case.
B. N = 2 with SU(2)
For half-filled two component LL systems, such as a
bilayer quantum well of GaAs, or single-layer graphene
at neutrality, the maximal possible symmetry is a full
SU(2) symmetry rotating between identical orbitals in
each layer. Such a symmetry is approximately present
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in single-layer graphene, in which the long-range part
of the Coulomb interactions do not distinguish between
the different sub-lattices, and hence the physics with this
enlarged SU(2) symmetry may provide a reasonable de-
scription of single-layer graphene at intermediate energy
scales.
The presence of SU(2) symmetry is known[51] to pre-
vent the possibility of having a gapped symmetry pre-
serving surface state in the corresponding two-Dirac
cone SPT surface states of bilayer GaAs or single layer
graphene (which has two valleys). Given the exact cor-
respondence between the SPT surface states and the
2d systems with non-local symmetry, this symmetry en-
forced gaplessness also extends to the half filled two-
component systems with SU(2) symmetry. Hence, the
resulting phase must either be gapless correlated phase
or break symmetry.
C. N = 4 with SO(5) symmetry
We conclude the discussion of higher symmetries by
exploring the possibility of higher symmetries that can
emerge in four-component LL systems. For example, the
long-range part of Coulomb interactions in graphene and
bilayer graphene does not distinguish between layer or
valley, and exhibits a large SU(4) symmetry rotating
among various quantum Hall ferromagnetic orders. This
symmetry is broken at short-distances by lattice scale
effects, but in certain regimes, e.g. achieved by tuning
the in-plane and out-of-plane components of magnetic
field to the phase boundary between antiferromagnetic
and Kekule disorted phases, a large SO(5) subgroup of
the full flavor symmetry may remain intact [15, 19–22].
In this section we explore how, when combined with the
non-local S symmetry, this enlarged SO(5) symmetry can
protect gapless critical behavior related to that discussed
in deconfined critical points between antiferromagnetic
and valence-bond solid orders [15]. We note that, since
the appearance of this paper, a more detailed study of
symmetries and dualities for deconfined critical points
appeared in Ref. 54.
We first consider the surface of the corresponding
U(1)×S topological insulator with four Dirac cones, with
surface Hamiltonian:
Hsurface =
4∑
a=1
ψ†a (pxσ
x + pyσ
z)ψa (12)
where S : ψa → iσyψ†a.
Upon adding a magnetic field to this surface and pro-
jecting into the zeroth Landau levels at half-filling, the
kinetic energy of the electrons is quenched. We begin by
considering non-interacting mass terms that would gap
out the zeroth Landau level, of the form ψ†aMabσ
yψb,
with Mab a Hermitian matrix. There are 16 total such
mass terms Mab, which decompose into an SO(5) sin-
glet, Mab = δab, a 5-component SO(5) vector (funda-
mental representation): Mab ∈ Γα = {~τηz, ηx,y} where,
α = 1, 2, . . . 5, and ~τ , ~η are Pauli matrices, and 10-
component adjoint representations, Σαβ = i
[
Γα,Γβ
]
.
The SO(5) symmetry excludes the latter 15 fundamental
and adjoint terms as these transform nontrivially under
symmetry. On the other hand, the singlet mass, ψ†σyψ ,
which would produce a trivial quantum Hall insulator, is
not forbidden by the SO(5) symmetry, and is only ruled
out by S symmetry.
Since bare mass terms are symmetry forbidden, the
zeroth Landau level is highly degenerate at the single-
particle level, and interactions inherently dominate. A
conceptually simple outcome that has been explored ex-
tensively theoretically[55, 56] and experimentally[57, 58]
is that the exchange effects drive a spontaneous ordering
into a quantum Hall magnet, by spontaneously forming
a mass term. Without the SO(5) symmetry, the micro-
scopic interactions can explicitly pick out a preferred fer-
romagnetic ordering direction out of the set of masses.
However, the enhanced SO(5) symmetry rules out ex-
plicit anisotropies, e.g. of the form −∑α Vα (ψ†Γασyψ)2
with different strengths, Vα, for different mass directions,
and allows the quantum Hall magnetic ordering direction
to freely fluctuate within the SO(5) vector manifold.
To describe the resulting fluctuating quantum Hall
ferromagnet, we can introduce non-linear sigma model
(NLσM) for the fluctuating quantum Hall ferromagnet.
Namely, we can decompose a generic density-density in-
teraction term by introducing a five-component bosonic
field nα:
Lint =
∫
r,r′
(
∑
a
ψ†aψa)rV (r − r′)(
∑
a
ψ†aψa)r′
→ 1
2λ
(∂µn
α)2 − rα|nα|2 + uα,β |nα|2|nβ |2 +
∑
α
nαψ†Γαψ
(13)
The SO(5) symmetry requires rα to be independent of α
and uα,β = u. The quantum Hall ferromagnet phase is
described by a state in which one of the components of
nα develops a non-zero expectation value. Alternatively,
if quantum fluctuations in the direction of n are strong,
spontaneous symmetry breaking may be avoided in lieu of
a gapless quantum fluctuating state that preserves sym-
metry. Fixing the magnitude of n, but allowing its orien-
tation to fluctuate, the fermionic modes will be gapped
everywhere, and can be integrated out to yield the fol-
lowing topological non-linear sigma model[19, 21, 59]:
LNLσM = 1
2λ˜
(∂µn
α)2 + 2piiΓWZW[n]
ΓWZW[n] =
1
4!Ω4
∫
B
d4xµνλραβγδnα∂µnβ∂νnγ∂λnγ∂ρn
(14)
plus the constraint
∑5
α=1 n
2
α = 1. Here Ω4 =
2pi5/2
Γ(5/2) =
8pi2
15 is the surface area of a 4-sphere, and B is the Ball
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obtained by extending the physical space-time, X, to
X × [0, 1], where n(x1,2,3, x4) interpolates between some
fixed reference configuration at x4 = 0, to the physical
configuration at x4 = 1. The presence of the topological
term was previously derived by [19, 21]. In the present
context, the appearance of this topological term is nat-
ural given the correspondence with the nontrivial SPT
surface state.
Thus we see that the combination of SO(5) and S sym-
metries can protect a critical state with gapless bosonic
excitations. This state arose previously in studies of
deconfined phase transitions between antiferromagnetic
and valence-bond solid states.[15] The crucial difference
with the present system is that strictly in 2d with a lo-
cal anti-unitary symmetry S, one cannot have the theory
(14) emerge with S acting as S : nα → −nα. However,
the theory (14) with such a symmetry action may be re-
alized in bilayer graphene[20] in the quantum limit with
a non-local S symmetry.
V. HALF FILLED TOPOLOGICAL INSULATOR
FLAT BANDS
A. Two Dimensional Flat bands and 3d Topological
Phases in Class CII
We begin with by establishing that a microscopic
model of a local Hamiltonian that exhibits a topological
insulator flat band with a non-local particle hole sym-
metry. We intend this discussion as a proof of principle
for the existence of such topological flat bands in local
Hamiltonians, rather than a realistic proposal for a par-
ticular material. Alternatively, the scheme we will out-
line could be used as a numerical device for simulating
correlated topological insulator surface states without the
extra computational complexity of simulating the accom-
panying TI bulk.
1. Microscopic Model of 2d TI Flat Bands
The key ingredient to obtaining a non-local particle-
hole symmetry was having a dispersionless (flat) topo-
logical band. In the previous examples based on mul-
ticomponent Landau levels, the flatness was readily
obtained by applying an appropriate orbital magnetic
field. However, in other examples, such as the time-
reversal symmetric topological insulator without any
spin-conservation, there is no such vector potential that
can achieve the desired flatness. However, even in these
cases, one may still formally construct local models with
exactly flat topological bands, via a different route[60],
which we will now describe. This construction can be
directly implemented numerically, to simulate higher di-
mensional SPT surface states, and may also approxi-
mately describe physical materials in which interactions
are much stronger than the single-particle bandwidth.
Consider a non-interacting tight-binding Hamiltonian
H0 =
∑
k c
†
kaHab(k)ckb, where cka annihilates an electron
with momentum k and spin/orbital index a ∈ {1 . . . N},
andH(k) is an N×N matrix with eigen-energies εn(k) la-
beled by band index n, and corresponding wave-functions
φnka. Suppose the band associated with eigenvalues n =
1 . . . r has a particular non-trivial (symmetry protected)
topological invariant, ν, and is separated by an energy
gap from those with n = r + 1 . . . N .
As a concrete example, let us consider the Kane-Mele
model[61] of the 2d helical topological insulator (class
AII), which consists of a time-reversed pair of Haldane’s
honeycomb models of a Chern insulator[62], with op-
posite Chern number for opposite spin species, plus a
Rashba spin orbit coupling term that preserves T while
removing any unnecessary spin-conservation symmetry.
This model has two orbitals, i = 1, 2, and two spin species
σ =↑, ↓, such that the indices a = (i, σ) can take four
values. The band structure has a two separate pairs
of bands, which we will label n = 1, 2 and n = 3, 4.
ε1(k)−ε2(k) (and similarly ε3(k)−ε4(k)) vanish at time-
reversal invariant momenta (k = −k +G for some recip-
rocal lattice vector, G), but the gap between the pairs
remains non-zero everywhere, ε34(k) − ε12(k) > ∆. The
orbitals of bands 1, 2, together, exhibit a non-trivial Z2
topological invariant (similarly for those of 3, 4), and we
may consider flattening this topological band.
Then, we may construct a flattened Hamiltonian[60],
formed from projection operators into the orbital basis
spanned by the topological band:
H0F = E0
∫
ddk
(2pi)d
c†ka
r∑
n=1
Πnk,abckb
Πnk,ab ≡ δab − φnkaφn∗kb (15)
The Hamiltonian HF has the following properties: HF
contains a dispersionless zero energy band with non-
trivial topological invariant ν, preserves the protecting
symmetry, and is local (i.e. contains couplings that fall
off exponentially in distance)[60]. On the face of it, one
might suspect that the absence of a local (symmetry
preserving) Wannier basis for the single particle wave-
functions φnka would prevent either the preservation of
symmetry or the locality of HF . However, the absence
of a symmetry preserving Wannier basis stems from an
obstruction to forming a globally smooth phase for the
wave-functions φnka. In contrast, the phase of the wave-
functions drop out of the projection operators Π(n)(~k),
so that these projectors have a smooth, analytic k-space
structure, and hence exponentially decaying real-space
structure.
The Hamiltonian, H0F is invariant under the anti-
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unitary particle-hole operation:
S : |0〉 →
∏
k
r∏
n=1
ψ†nk|0〉
ψnk ≡
∑
a
φnkacka (16)
where |0〉 is the state with no electrons. Physically,
the band-projection is a reasonable description when
the inter-band gap E0 greatly exceeds the interaction
strength V .
2. Symmetry allowed interaction terms
We next ask: which interaction terms can be added
to the flat-band Hamiltonian while preserving the non-
local particle-hole symmetry? In the half-filled Landau
level case, which was defined in a system with continuous
translation invariance, any two-body interaction term,
upon lowest LL projection, could be made to preserve S
simply by tuning the uniform chemical potential to main-
tain half-filling. In the present case, due to the essential
role of the lattice, only a subset of two-body interactions
will be suitable. To identify potential S-preserving inter-
action terms, we first consider S-transformation proper-
ties of a generic local fermion bilinear, ρab(r) = c
†
racrb,
after projection, Π, into the topological flat band:
ρΠab ≡ Πρab(r)Π
=
r∑
n,m=1
∑
k,k′
ei(k−k
′)·rφnkaφ
m∗
k′bψ
†
knψk′m (17)
Under the anti-unitary particle-hole transformation, S,
this bilinear transforms as:
SρΠabS−1 = ρ¯ab − ρΠba (18)
where:
ρ¯ab =
r∑
n=1
∑
k
φn∗kaφ
n
bk (19)
is the average value of the bilinear within the orbitals of
the topological band.
A general interaction term of the form HV =
1
2
∑
r,r′ ρ
Π
ab(r)Vab,cd(r − r′)ρΠcd(r′), then transforms as:
SHV S−1 = HV −
∑
r,r′
ρ¯abV
ab,cd(r − r′)ρΠcd(r′) + const
(20)
i.e. is generically not invariant under S due to the second
term.
The S-breaking effects of a given interaction V can be
removed by considering the modified interaction, ρΠab →
ρΠab − 12 ρ¯ab in HV , though, for the most general interac-
tions such counter-terms will be very complicated and
fine-tuned. However, for certain simple classes of in-
teractions such as site-local density-density interactions,
and in the presence of additional lattice symmetries, the
counterterms required to preserve S-invariance amount
merely to a simple uniform shift of the chemical poten-
tial.
To see a concrete example, let us again consider the
Kane-Mele honeycomb model for the 2d AII TI described
above, and restrict our attention to site-local density-
density interactions, for which the interaction V decom-
poses as Vij,kl = Vikδijδkl. For this model, there is a
C2-rotation symmetry that exchanges the two sub-lattice
sites of the honeycomb: i = 1
C2←→ 2. Then, the countert-
erm
∑
r,r′
1
2 ρ¯ijVij,kl(r− r′)ρΠkl(r′) = δµ
∑
i ρ
Π
ii, just takes
the form of an overall shift in the chemical potential.
To summarize, in this model, we may add any such
density-density interaction while preserving the non-local
S symmetry, simply by renormalizing the chemical po-
tential to maintain half-filling. Therefore, while the S-
symmetry is not as robust as in the translationally in-
variant half-filled LL case, for which translation symme-
try automatically fixes all two-body interaction terms to
be S-invariant, there is nevertheless a broad class of in-
teracting flat-band models with half-filled non-trivial AII
bands which exhibit a non-local S symmetry, without fine
tuning.
B. Surface State of 3d Class CII Topological Phase
Having shown that the topological insulator bands can
be flattened and driven into a strongly interacting regime
with non-local particle-hole symmetry, we now explore
this system from the perspective of the higher dimen-
sional surface state. For weak interactions, the surface
state of the 3d class CII topological insulator, can be
described by a pair of 2+1D Dirac fermions:
HCII = vψ
†~p · στzψ (21)
where σ and τ are independent sets of Pauli matri-
ces, and the symmetries act like: T ψ = iσyKψ, and
Cψ = iσyτxψ†. Crucially, the charge-conjugation sym-
metry squares to minus one, C2ψ = (−1)ψ, which plays
an essential role in ruling out the T -symmetric mass term
mψ†τxψ. Adding this T -invariant, but C-breaking mass
term gaps out the surface states, but with opposite 2d
AII invariants for m > 0 and m < 0. Since m changes
sign under C, we see that this surface state is in a sense,
symmetrically tuned to the critical point between the 2d
helical TI and trivial phases. Note further, that this is
natural for a surface state that corresponds to a half-filled
2d AII TI band – which is also poised equally between
TI and trivial.
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1. Dual composite boson description
While we have started with a non-interacting descrip-
tion, since the 2d trivial and topological insulators re-
main distinct phases even in the presence of arbitrary
symmetry preserving interactions, the intermediate crit-
ical point and hence the corresponding 3d surface state
will also be stable to interactions as well, i.e. it cannot be
gapped into a trivial insulating phase without breaking
symmetry. Proceeding in a similar manner as above for
other two-Dirac cone TI surface states, we may construct
a dual description of this CII surface state, but examin-
ing the bulk electromagnetic duality via the surface-bulk
correspondence. The symmetry properties of the bulk
monopoles are identified in Appendix A. We note that in
contrast to a previous study[51], we find that the neutral
bulk magnetic monopole transforms has C2 = −1, and
trivial S2. This bosonic monopole has a corresponding
surface excitation – a 2pi-flux bosonic vortex, which cou-
ples to an emergent U(1) gauge field and serves as the
basis for a dual composite boson description of the CII
Dirac surface state. The distinct anomalous feature of
the composite boson is its transformation property un-
der charge conjugation, C2 = −1.
While the dual description of the half-filled time-
reversal invariant topological insulator flat bands bears
a close resemblance to that for the half filled quantum
Hall bilayer, there is a key physical distinction. Namely,
whereas dual composite bosons in the half-filled quantum
Hall bilayer occur at finite density, those in the half-filled
TI flat-band occur at zero density. This can be seen sim-
ply by symmetry considerations: the composite boson
density is odd under time-reversal symmetry, and hence
must be zero in a time-reversal invariant system. The
energetics of the resulting systems may then be rather
different. Namely, while finite density bosons will nat-
urally condense to form a trivial particle-hole breaking
quantum Hall ferromagnet, those at zero density may
more easily form more exotic insulating states. Thus
the resulting physics of these two half-filled flat bands
may naturally form insulating states, that are necessar-
ily exotic if they preserve symmetry. We leave a detailed
study of the energetics for realistic interactions for future
work, and instead explore which anomalous topologically
ordered fractional states are in principle possible.
2. Anomalous topological order
As for previously discussed examples of two Dirac cone
surface states with dual composite boson descriptions,
the CII surface state (and hence also the half filled 2d
TI band) may be driven by strong correlations into an
anomalous Z4 topological ordered state, which preserves
the symmetries, but cannot be realized in a purely lo-
cal 2d system. The detailed properties of this phase are
derived in Appendix A from the point of view of phase-
disordering the CII surface paired superfluid by condens-
ing four-fold vortices. The key feature of the resulting
Z4 topological order, which makes it anomalous, is that
the neutral bosonic generator of Z4 differs by a neutral
fermion compared to its C-conjugation partner.
C. Half-filled topological insulator in 3d -
Anomalous Boundary state of a 4+1D topological
phase
Interestingly, the above construction identifying a cor-
respondence between the 2d helical TI flat band and
the 3d CII surface state works directly in one higher
dimension. Namely, a half-filled 3d helical TI (sym-
metry U(1) o T , class AII) flat-band exhibits a non-
local particle-hole symmetry, C, and realizes the surface
physics of a 4d TI with symmetry U(1)o (C × T ) (class
CII). This 4d TI again has a Z2 band-invariant, and has
surface states that may be detached from the bulk and
flattened in the same manner as described above. This
correspondence provides an interesting example where a
non-local symmetry enables access to surface states of a
topological insulator in an inaccessibly high spatial di-
mension.
The non-interacting 3d surface state of the 4d TI (class
CII) has one (four-component) Dirac fermion:
H4dS = vψ
†~p · στzψ, (22)
where σ and τ are Pauli matrices. Time-reversal acts as
T : ψ → iσyψ and the unitary charge conjugation acts as
C : ψ → iσyτxψ†, with T 2 = C2 = (−1)F . A C-breaking
mass term mψ†τxψ leads to either a trivial or topological
insulator (class AII), depending on the sign of the mass
parameter m. This theory can therefore be viewed as a
critical point between a trivial and a topological insula-
tor. Notice the equations take essentially the same form
as the 2d surface state of the 3d TI (class CII), except
the Hamiltonian contains an additional term ∼ pzσzτz.
Notice that, unlike its lower dimensional counterpart,
here, time-reversal symmetry is not crucial for protect-
ing the Dirac fermions in Eq. (22). In fact, the 3d surface
state is protected (anomalous) as long as the U(1) o C
symmetry is preserved. The anomalous nature of this
state can be understood as an easy-plane anisotropic ver-
sion of the SU(2) Witten anomaly[23]. A simple way to
understand the Witten anomaly with U(1) o ZC2 sym-
metry is as follows: suppose we add a C-breaking mass
term
Hmass = mψ
†(τysinθ + τxcosθ)ψ, (23)
where m and θ are parameters. Under C we have θ → θ+
pi. It is also known that the 3d surface electro-magnetic
Θ-angle, defined through the topological response term
LΘ = Θ
8pi2
dAdA, (24)
is given by Θ = θ + Θ0 where Θ0 is a constant inde-
pendent of θ. It follows that the nonlocal (anomalous) C
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symmetry shifts Θ → Θ + pi. Similar relation holds for
the gravitational Θg-angle.
It is then obvious why such a theory is anomalous: if
there were a trivial gapped surface state preserving the
U(1)oC symmetry, we would require Θ = Θ+pi(mod 2pi)
(and likewise for Θg), which is impossible to satisfy. The
free Dirac fermion evades this problem by being gapless,
hence having no well-defined Θ-angle.
On the other hand, if the system develops an intrinsic
topological order, with fractionalized excitations carrying
fractional charge, the effective period of the Θ-angle can
be reduced[63, 64]. Likewise if there exists fractionalized
excitations that are charge-neutral fermions, the effective
period of the gravitational Θg-angle will also reduce to
pi[65], enabling a gapped C-invariant fractionalized sur-
face state. This implies that it may be possible to make
the surface Dirac fermions gapped, by having intrinsic
topological orders. We will construct such a gapped state
below.
D. A 3d topological order for half-filled TI
To construct a gapped C symmetric topological surface
state for the 4d CII topological insulator, and hence also
its 3d flat band counterpart, we begin with a parton con-
struction in which we fractionalize the electron operator
into n charge e/n bosons and a neutral fermion:
c = bnf, (25)
This description contains a u(1) gauge redundancy gen-
erated by: b → e−iαb, f → einαf , which is captured in
the low energy effective theory as an emergent 3d gauge
field, a. To reproduce the free fermion theory when the
b are condensed into a superfluid, we will take an ansatz
in which the f fermions form the surface Dirac fermion
as in Eq. (22). The low energy theory is then described
by
L(n)[ψ, b, aµ] = ψ¯i /Dna+Aψ + Lb[b, aµ], (26)
where a is the dynamical gauge field generated from the
parton decomposition, A is a background gauge field
coupling to the physical electromagnetic U(1) symmetry
current, and Dna+A represents covariant derivative with
gauge field na+ A. If we further condense 〈b〉 6= 0, then
c ∼ f and we recover the free Dirac theory in Eq. (22).
But if we keep b gapped, we have a distinct surface state.
A crucial point is that the theory in Eq. (26) is not nec-
essarily well defined for all n. To see this, we will adopt
a similar approach to that in [66]. Intuitively, because
aµ is an emergent gauge field that lives purely within the
3d surface, it cannot be responsible for any anomalous
properties extending from the bulk.
To test which fractionalization patterns result in a non-
anomalous C-invariant action for a, let us re-run the argu-
ment below Eq. (23) within the parton description. Sup-
pose we give the Dirac fermions a mass as in Eq. (23).
Then the C-operation, which inverts the mass, generates
an extra term in the gauge field Lagrangian:
∆L = pi
8pi2
d(na+A)d(na+A)
=
pi
8pi2
dAdA+
npi
4pi2
dadA+
n2pi
8pi2
dada (27)
The first term, as discussed above, simply represents the
anomalous response to an external electromagnetic field.
The other two terms involve aµ, and therefore should be
trivial (i.e. have the same charge/monopole lattice is a
U(1) gauge theory in the trivial vacuum) if Eq. (26) is
well defined. For the last term dada to be trivial, we
need n to be even, else there is a topological magneto-
electric effect that produces half electric charge dyons.
For the second term dadA to be trivial, we need n = 4k.
The factor of four is somewhat subtle, since all dyons
have integer charges for n = 2. However, the dyon statis-
tics become transmuted from those of the conventional
U(1) gauge theory in a trivial vacuum due to a Wit-
ten effect[67] in which a monopole of aµ acquires unit
charge under Aµ. This charge can then be neutralized
by attaching an electron, but at the expense of switching
the statistics of the monopole from bosonic to fermionic.
This statistical transmutation shows that that the dadA
term is anomalous for n = 2, but is absent for n = 4k.
We note, in passing, that a formal way to summarize this
argument is that aµ is an ordinary U(1) gauge field, while
Aµ is actually a spinc connection.
Therefore the minimal parton decomposition in
Eq. (26) that allows for C-symmetry is that with n = 4.
To get a gapped phase, we can simply pair-condense the
Dirac fermions by having
Lpairing = i∆ψTσyτzψ + h.c., (28)
with 〈∆〉 6= 0. Both the Dirac fermions ψ and the gauge
field aµ acquires a gap from this pair condensate, so the
entire system is in a gapped phase. The C and T symme-
tries are explicitly preserved. Therefore this construction
gives a gapped symmetric phase. Since the condensate
ψψ carries gauge charge qa = 8, the U(1) gauge symme-
try is broken to Z8: the final state is a Z8 gauge theory.
The fundamental gauge charge in the Z8 gauge theory
is represented by the b boson. The fermion pair conden-
sate sets aµ = −Aµ/4 at long wavelengths. Therefore the
b boson, originally coupled minimally to aµ before the
pair-condensate, now couples minimally to Aµ as charge-
1/4 object. This simply means that the gauge charge b
carries physical charge 1/4.
Let us show how the existence of the charge-1/4 exci-
tation reduces the periodicity of Θ such that Θ becomes
equivalent to Θ + pi, so that the gapped surface theory
is compatible with C-symmetry. It suffices to show that
Θ = pi is trivial in the presence of the fractional bosons.
For this, we examine the monopoles of Aµ. The strength-
1 monopole (qm = 1) acquires charge qe = Θ/2pi = 1/2,
which can be canceled by attaching a b2 boson. Cru-
cially, due to the existence of the charge-1/4 boson b, the
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qm = 1 monopole cannot exists on its own because it vi-
olates the Dirac quantization rule. It can exist, however,
as the end point of a Z8 gauge flux line – the violation
of Dirac quantization then simply comes from the gauge
flux in the flux line. Since the flux line has finite ten-
sion (energy cost proportional to length), the monopole is
confined, and therefore does not have meaningful statis-
tics or gauge charge. Similarly the qm = 2 monopole is
also confined. The qm = 4 monopole, however, is not
confined, and it is meaningful to ask about its statis-
tics and gauge charge. Now the bare qm = 4 monopole
has electric charge qm = 4Θ/2pi = 2. This can be can-
celed by attaching a physical Cooper pair cc. Since the
Cooper pair is bosonic and carries no Z8 gauge charge,
the neutralized qm = 4 monopole will also be bosonic
and gauge-invariant. Therefore Θ = pi is indeed trivial
in the presence of the Z8 gauge theory with charge-1/4
excitations.
The above argument also suggests that charge fraction-
alization is required for gapped phases of Witten anomaly
with U(1) o Z2 symmetry. This means that if the sym-
metry is enhanced from U(1)o ZC2 to full SU(2) (corre-
sponding to the original Witten anomaly), such topologi-
cal orders cannot exist, because SU(2) symmetry cannot
be fractionalized. The only option for a symmetric state
is then to be gapless, like the free Dirac fermions. This
is a three-dimensional analog of symmetry-enforced gap-
lessness first discussed in two dimensions in [51].
We also notice that gapped phases for Witten anomaly
with U(1)oZC2 symmetry were first discussed in [68], in
which a Z2 topological order was proposed. Our argu-
ment suggests that further fractionalization (for example,
to Z8 topological order) seems to be required.
VI. DISCUSSION
Generalizing the previously studied case of the half-
filled Landau level, we have uncovered a number of
examples of D-dimensional topological flat bands that
exhibit a non-local particle hole symmetry when half-
filled, enabling them to reproduce the anomalous sur-
face state physics of a (D+1)-dimensional topological in-
sulator surface state in one lower dimension. In cases
where the (D+1)-dimensional surface state permits a
non-interacting limit with two flavors of Dirac fermions,
we identified a dual composite boson description of the
half-filled topological band in terms of neutral vortices of
the electron fluid. We also identified candidate symmetry
preserving fractionalized phases for the half-filled topo-
logical flat bands, and explored their potential physical
manifestations in multilayer quantum wells, and single-
and bi- layer graphene in the quantum Hall regime. Fi-
nally, we constructed a general prescription for this type
of “dimensional enhancement” of topological flat bands,
and identified a 3d example that realizes the anomalous
surface physics of a physically inaccessible 4d topolog-
ical insulator. While we have explored several candi-
date systems based on general symmetry and anomaly
grounds, an important future task will be to conduct a
detailed study of the energetics of these phases within
model Hamiltonians, and analyze whether and how ex-
otic anomalous fractionalized phases may be realized and
detected under realistic experimental conditions.
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Appendix A: Alternative derivation of the
two-component duality
We now derive the duality between a theory of two
Dirac fermions:
L =
∑
i=1,2
ψ¯ii /DAψi, (A1)
and a gauge theory with bosonic matter fields z±:
L =
∑
s=±
(∣∣∣D(α+ s2a)zs∣∣∣2 − |zs|4)+ 12piαda+ 12piadA,
(A2)
where A is the background probe gauge field, a, α are
emergent dynamical gauge field, and Da denotes covari-
ant derivative with gauge connection a. The term |zs|4
is a short hand notation to denote that the zs bosons
are tuned to the Wilson-Fisher fixed point. Following
[10, 11, 70], we derive this duality starting from a simpler
duality known as (2 + 1)d bosonization. This bosoniza-
tion duality states that a single Dirac fermion
L = ψ¯i /DAψ (A3)
is dual to
L = |Dαz|2 − |z|4 + 1
4pi
αdα+
1
2pi
αdA+
1
8pi
AdA, (A4)
where A is the probe gauge field, z is a Wilson-Fisher
boson and α is an emergent U(1) gauge field. Taking
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time-reversal conjugate of the above equation, it is easy
to see that a single Dirac fermion is also dual to
L = |Dαz|2 − |z|4 − 1
4pi
αdα− 1
2pi
αdA− 1
8pi
AdA. (A5)
It appears that Eq. (A4) and (A5) describe two different theories, but in fact they are simply two dual descriptions
of the same theory. To see this, simply perform another boson-vortex duality on the z bosons in Eq. (A5) and we get
L = |Dα′z′|2 − |z′|4 − 1
2pi
αdα′ − 1
4pi
αdα− 1
2pi
αdA− 1
8pi
AdA
→ |Dα′z′|2 − |z′|4 + 1
4pi
α′dα′ +
1
2pi
α′dA+
1
8pi
AdA, (A6)
where the last line came from integrating out α. This action then has the same form as Eq. (A4). Therefore the z
bosons in Eq. (A4) and (A5) are mutual vortices of each other.
Now back to the two-flavor Dirac fermion Eq. (A1). We use the bosonization duality Eq. (A4) on ψ1 and the
time-reversed form Eq. (A5) on ψ2. Adding together the actions we get
L =
∑
i=1,2
(
|Dαizi|2 − |zi|4
)
+
1
4pi
(α1dα1 − α2dα2) + 1
2pi
Ad(α1 − α2). (A7)
Now redefine z1 = z+, z2 = z−, α1 = α+ 12a and α2 = α− 12a, we get exactly the desired dual action in Eq. (A2).
In the main text we discussed how time-reversal sym-
metry should act as particle-vortex duality on the z±
bosons (also known as the self-duality of easy-plane CP 1
theory). The above derivation makes this obvious, since
for each single component of Dirac fermion, the dual z
boson should transform to its vortex under time-reversal.
Appendix B: Half-filled bilayer (N = 2) with
intra-layer U(1) symmetry.
In this Appendix, we derive an S-preserving topologi-
cal order for the N = 2 bilayer assuming a U(1)1×U(1)2
symmetry corresponding to conservation of particle num-
ber in each layer (here the subscripts 1 and 2 are meant
to distinguish layers, and do should not be confused with
the related notation for a U(1) Chern-Simons theory at
level k). Actually, we will obtain the same Z4 topolog-
ical order as in section III B 3; however, now we will be
able to determine the quantum numbers of anyons under
both U(1)1 and U(1)2. This will, in turn, tell us about
the edge structure in the presence of U(1)1×U(1)2 sym-
metry.
We begin by considering the layers as decoupled. In
this case, each layer can develop a CT-Pfaffian topologi-
cal order. In principle, such a (CT-Pfaffian)⊗2 state is an
acceptable S-symmetric topological order of the bilayer.
However, we can obtain a simpler Abelian symmetry pre-
serving state as follows.
Recall[3, 4, 30, 71] that CT-Pfaffian can be thought of
as a subset of Ising×U(1)−8. The anyons are 1k, σk and
fk, where {1, σ, f} run over Ising charge and k = 0 . . . 7
labels the U(1)−8 charge. For even k only 1k and fk are
allowed, and for odd k - only σk. The physical electric
charge of the anyon is k/4. The physical electron c = f4.
Under S, k → −k, so that 12 → f−2, f2 → 1−2. f0 is a
Kramers doublet under S. Now, we have two-copies of
CT-Pfaffian: we will label the anyons {1ak, σak , fak } with
superscript a = 1, 2 corresponding to the layer index.
We point out that the anyons f14 and f
2
4 are simply elec-
trons in corresponding layers, so they are topologically
identical (even though they carry different charges under
U(1)1 × U(1)2).
Now, imagine condensing the bosonic, neutral S-
singlet anyon f10 f
2
0 . Now, anyons which differ by f
1
0 f
2
0
are identified, e.g. f10 ∼ f20 - we denote this sim-
ply as f0. Moreover, some non-Abelian anyons split
into multiple Abelian particles. For instance, the quan-
tum dimension 2 anyon σ11σ
2
−1 splits into two Abelian
anyons e and e× f0, both of which are bosons and carry
charge q = (1/4,−1/4) under U(1)1 × U(1)2. We have
e × e = 112f2−2. Now, label v = e × 122 - this is also a
boson with q = (1/4, 1/4). The anyons e and v have mu-
tual statistics +i. It turns out that the topological order
of the condensed phase is just Z4 × {1, c} with the elec-
tric and magnetic generators of Z4 being e and v. This
is the same topological order we found in section III B 3,
however, now we know the quantum numbers of e and v
under the layer U(1) symmetries.
What about the action of S-symmetry in the con-
densed phase? There are actually two options which are
both possible:
Option 1 : v → v†, e→ ev2c1
Option 2 : v → e2vc1, e→ e† (B1)
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where the superscript on c denotes the layer to which the
electron belongs. Option 1 is the one we found in section
III B 3 (and, in fact, ev2c1 corresponds to the anyon m
of that section). Option 2 is a different S-symmetric
topological order of the bilayer.
Now, we can ask about the edge states of the above
phases. Since S-symmetry will be broken at the edge,
the two options above will generally give rise to the same
edge spectrum. A possible edge theory can be obtained
by starting with the edge of (CT-Pfaffian)⊗2. Recall,
that a CT-Pfaffian supports a right-moving c = 1 charged
mode (corresponding to the U(1)−8 sector )with conduc-
tance 1/2 and a neutral left-moving c = −1/2 mode (cor-
responding to the Ising sector). Now, stacking the two
CT-Pfaffians, we have two right-moving c = 1 modes,
each carrying charge of the corresponding layer and two
left-moving neutral c = −1/2 modes. After f10 f20 con-
densation, the two-left moving modes can be thought of
as one neutral c = −1 mode. Other edge structures are
possible, however, as long as there is no tunnelling be-
tween the layers at the edge, we cannot have a simple
integer-quantum Hall edge, due to the bulk fractional
Hall conductances σ1xy = 1/2, σ
2
xy = 1/2 for the two
layers.
Appendix C: Properties of the 3d TI with symmetry
U(1)o (T × C) (class CII)
In this Appendix, we deduce various properties of the
3d class CII TI, whose surface corresponds to the 2d
time-reversal invariant TI (class AII), in the flat, half-
filled limit. We begin by demonstrating that the surface
states of this 3d TI, in the non-interacting limit, can be
detached from the bulk states and flattened, which es-
tablishes the precise correspondence between the Hilbert
space and Hamiltonian of the flat 3d TI surface band and
flat lower dimensional band. We then examine the prop-
erties of magnetic monopoles in the bulk of the 3d CII
TI, which, via the bulk-boundary correspondence, yields
a dual composite boson description of the surface. Next,
we derive the properties of vortices in the surface paired
superfluid, which we then use to construct the Z4 surface
topological order.
1. Disconnecting the 3d class CII TI surface state
from the bulk
In the main text, we have noted that 2d T -invariant
topological insulators (class AII) have a 3d counter-
part (class CII) with the same band classification, is T -
invariant, and also exhibits an extra extra particle-hole
symmetry, S. To complete the explicit demonstration
that flattening and half filling the 2d class AII TI band
precisely corresponds to the surface state of this 3d class
CII TI, we must show that the 3d surface state can be
disconnected from the bulk bands and deformed into the
k
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FIG. 2. Disconnecting the 3d Class CII surface and
bulk states - Schematic depiction of the surface projected
density of states. Gray shaded regions denote bulk states,
blue lines are surface states, and vertical dashed lines mark
the surface Brillouin zone boundaries. Starting from a surface
termination where the surface states run continuously across
the bulk band gap (a), one may add a perturbation to break
off a surface band that is completely isolated within the band
gap (b), and then consider the narrow bandwidth limit where
this isolated band becomes flat, and corresponds to the purely
2d flat class AII band (c).
flat band limit.
To this end, we begin with the conventional two Dirac
cone surface state of the 3d class CII TI, which can be
described by the Hamiltonian:
HCII = vψ
†~p · στzψ (C1)
where σ and τ are independent sets of Pauli matri-
ces, and the symmetries act like: T ψ = iσyKψ, and
Cψ = iσyτxψ†. Crucially, the charge-conjugation sym-
metry squares to minus one, C2ψ = (−1)ψ. We note that
adding the C-breaking mass mψ†τ1ψ gaps out the surface
states, but with opposite 2d AII invariants for m > 0 and
m < 0. Since m changes sign under C, then we see that
this surface state is poised on the boundary between the
2d helical TI and trivial phases – as expected for the
half-filled helical TI flat-band. To demonstrate that this
3d CII surface state precisely corresponds to the TI flat
bands, it only remains to show that we may detach the
surface state bands from those of the bulk, and deform
the surface dispersion to the flat-band limit.
We can detach the surface bands from the bulk us-
ing the following steps (see Fig. 2). First, consider the
case that the surface bands meet the time-reversal in-
variant momenta (TRIM) points at the boundary of the
surface Brillouin zone before running into the bulk (this
can always be accomplished for sufficiently small veloc-
ity v). At a fixed boundary TRIM, there is a four-fold
intersection of the surface states at energy E and an-
other particle-hole conjugate set of 4 states at energy−E,
and we may describe the surface Hamiltonian linearized
near these points by HTRIM ≈ ψ (vδk · στz + Eηz)ψ,
where δk is the deviation of momenta from the TRIM
point, and ηz is an additional Pauli matrix that distin-
guishes the band-indices of the ±E energy band touch-
ings. We may then add the symmetry-allowed perturba-
tion Mψ†τ2η2ψ, which opens a gap about the ±E points
at the Brillouin zone edge, thereby separating the surface
bands from those of the bulk. We may then freely de-
form the surface dispersion to contain a completely flat
band lying at zero energy in the center of the bulk gap.
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The Hilbert space of the flat surface state band hence
precisely corresponds precisely to that of that of the 2d
helical TI band with the same Brillouin zone size.
2. Bulk Monopole
Consider beginning with the free fermion, double Dirac
cone surface of the 3d class CII TI surface, Eq. C1, and
inserting a magnetic monopole source from into the TI
bulk from the vacuum. This corresponds to adding a
vector potential Aλ(~r) to the surface with
∮
S
∇× ~A ·dnˆ =
2pi. In the presence of such a vector potential, the surface
Dirac cone develops two complex fermionic zero modes
with definite σz = +1, and τz = ±1, each of which has
half electric charge.
Hence, the bulk monopole created when both of these
modes are occupied or empty has electric charge ∓1.
Then, to obtain a neutral bulk monopole we must bind
it to an electron. Since the electrons of the class CII TI
have C2 = T 2 = −1, then the neutral monopole will also
have C2 = −1 inside the bulk. Note that C2 is well defined
on both electric and magnetic charges (since it cannot be
changed by redefining C by a U(1) charge rotation of C)
whereas T 2 is well defined only on electric charges (since
it can by redefined by a magnetic U(1) rotation of T ).
To gain further confidence in the identification C2 =
(−1)nm , where nm is the monopole number, we first
note that, in general, there are precisely two possible
projective symmetry actions: the one proposed above,
C2 = (−1)nm , and the trivial action, C2 = 1. Moreover,
we can nail down which of these two options occurs by
consider a charge-1 dyon in a trivial 3+1D bulk insulator,
and adiabatically transforming the bulk into a nontrivial
class CII TI along a route that sacrifices T symmetry but
preserving C symmetry. Along the way, we will continu-
ously turn on a θ angle that screens away the charge of
the dyon, however the C2 action is sharply quantized and
cannot be altered. Hence the resulting (now neutral)
monopole retains its initial C2 = −1 property, as pre-
dicted above by more naive arguments. To be explicit,
let us examine the adiabatic deformation of from trivial
to CII TI along a time-reversal breaking path within the
following 3+1D bulk model:
Hbulk = ψ
† (~p · ~στzλz +m1λx)ψ (C2)
where ~λ are an extra set of Pauli matrices describing bulk
orbital degrees of freedom. The trivial (vacuum) is de-
scribed by m1 > 0, and the class CII TI by m1 < 0.
The symmetry action is as follows: T acts as above, and
C : ψ → −iσxτyλyψ†, which ensures that Hbulk is C-
invariant while maintaining the above described transfor-
mation properties for the surface states (which are zero
modes of a mass domain wall in m1(~r) = −m0sign(z)).
To continuously tune the bulk between TI and trivial
without closing the bulk gap, we may add an additional
C-preserving, but T breaking mass: m2ψ†τzψ . We can
view the resulting state as a pair of ordinary time-reversal
protected TIs (class AII), one each for τz = ±, which
are protected from mixing by an additional C symme-
try. Starting with a trivial insulator (m1 = m > 0) we
may continuously deform into a CII TI (m1 = −m <
0) by breaking time reversal with m2, and dialing the
θ = tan−1(m2/m1) angle for these two AII TIs from 0
to pi, to while keeping fixed non-zero dynamical mass:√
m21 +m
2
2 = m 6= 0. As these two θ angles are dialed
from 0 to pi any magnetic charge qm induces an electric
polarization charge ∆qe = 2×
(
θ
2pi
)
qm → qm, completing
the demonstration of the above argument.
This non-trivial C2 = −1 value of the bulk monopole
prevents one from trivially confining the bulk U(1) gauge
theory along with its fermionic matter by condensing this
monopole, unless one breaks C or T symmetry. More-
over, the surface excitation created by this bulk monopole
will, like the monopole, be a charge-neutral bosonic with
C2 = −1, and is just the composite boson object with 2pi
vorticity of the electrons that form the building block of
the dual description of the two Dirac cone surface state
of the class CII TI.
The extra electron does not change the combined ef-
fect of C and T symmetry, since S2 ≡ C2T 2 = (+1) for
the fermions (note that while S2 is ill-defined separate
for the electron and the charge-one dyon, their combina-
tion, which is charge neutral, has well-defined S2, which
may be computed from the separate S properties of elec-
tron and dyon in any convenient fixed gauge). Hence,
the bulk neutral monopole of the CII TI has S2 = +1.
This result contrast that of a previous analysis of [51],
which predicted S2 = −1. However, the S2 = −1 bulk
monopole is actually the defining of a different class of
3d TIs – chiral TIs in class AIII. In particular, the sym-
metries of class CII constrain the bulk band structure to
have a trivial AIII invariant, such that the CII TI can
be viewed as two opposite copies of AIII, protected from
mixing by C-symmetry.
3. Surface vortex theory
A useful step towards deriving the properties of a sym-
metry preserving topologically ordered surface phase is to
examine the properties of vortices in the U(1)-symmetry
breaking surface paired superfluid. We will then obtain
the surface topological order by phase disordering the
surface-superfluid to restore the U(1) symmetry, by con-
densing the minimal vorticity object that does not break
symmetry.
Beginning with the free fermion description of the 3d
CII TI surface, we may add a superconducting pairing
term: ∆
∑
a,b=± ψ↑,aτ
z
abψ↓,b + h.c., which preserves C,T , and S. Enlarging our fermionic fields into an 8-
component Nambu spinor: Ψ ≡
(
ψ
T ψ†
)
, and introduc-
ing Pauli matrices η that operate in the Nambu subspace,
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the surface superfluid Hamiltonian can be written as:
HSSF =
∫
~r
Ψ†
(
v~p · στzηz + ∆(~r)τzη+ + ∆∗(~r)τzη−)Ψ
(C3)
Next consider the effect of a hc/2e = pi superfluid vor-
tex, e.g. ∆(~r) = f(r)eiφ, where φ = tan−1(y/x) and
f(r) is some function interpolating between f(0) = 0,
and limrξ f(r) = ∆0, where ξ is the vortex core size.
The vortex has a pair of Majorana zero modes respec-
tively labeled by τz = ±1 eigenvalues:
γ± =
∫
r
e−
∫ r
0
f(r)dr 1
2
(
ϕ±1ψ↓,±(~r) + ϕ∓1ψ
†
↓,±(~r)
)
(C4)
where ϕ = eipi/4. These modes are exponentially local-
ized to the vortex core. Thus each vortex has two degen-
erate states, |v,±〉 labelled by fermion parity of the zero
modes iγ+γ− = ±1.
While the vortex configuration breaks C and T , it pre-
serves their combination S. Under S, the vortex core
fermion states transform as S : γ± → γ∓, so that the
mass term iγ+γ− is symmetry allowed, and will gener-
ically be present, splitting the energies of the occupied
and unoccupied vortex state. Thus there are two types
of pi vortices in the superfluid, which differ by a neutral
fermionic quasiparticle. We denote these two vortex con-
figurations as e1 and m1 respectively, where the subscript
1 refers to number of fluxes in units of pi, and the e and m
labels are chosen since these two objects are bosons, but
differ by a neutral Bogolyubov quasiparticle and hence
have mutual pi statistics as for the electric and magnetic
particles in a Z2 gauge theory. Similarly, we will denote
the two types of −pi vortices as e−1 and m−1. Note that,
since the e and m vortices have opposite fermion parity
of their core fermion modes, C, symmetry will exchange
C : e1 ↔ m−1, and C : m1 ↔ e−1. Moreover, since S pre-
serves e1 and m1, T also interchanges T : e±1 ↔ m∓1.
Therefore, a given vortex, when fused with its C partner,
leaves behind a neutral Bogolyubov quasiparticle.
4. Symmetry preserving surface topological order
Having worked out the properties of vortices in the sur-
face superfluid, we may now readily construct the surface
topological order by condensing the minimal vorticity ex-
citation which has trivial symmetry properties. There are
no suitable pi vortex excitations that can be condensed
while preserving symmetry. For example consider con-
densing e1. Since m−1 has mutual semionic statistics
with e1 (due to the difference in occupation of the core
fermion mode), it is impossible to condense both e1 and
its C conjugated partner, m−1, and hence the e1 conden-
sate breaks C symmetry. Identical reasoning rules out
symmetry respecting condensates of the other pi vortices.
This obstacle is reassuring, since condensing pi vortices
would result in a trivial insulating phase with no fraction-
alized excitations, which at an SPT surface must require
breaking the protecting symmetry.
What about 2pi vortices? Bound states of two e1 or
two m1 particles are topologically trivial bosonic ob-
jects, which we will collective denote I2 (I denoting the
topological trivial, or “identity” sector). However, these
objects transform non-trivial under charge conjugation,
having: C2 = −1, as can be seen by the fact that inserting
a neutral monopole into the bulk creates an I2 particle
in the surface superfluid, and since the bulk monopole
has C2 = −1 (see above), whereas the monopole in vac-
uum had trivial C2, the surface I2 vortex must also have
C2 = −1.
However, we see that the 4pi vortices I4, made of two
I2 vortices, are bosonic and transform trivially under all
symmetries, and hence may be condensed (in equal mea-
sure with their time-reversed partners I−4. The result is
a Z4 topological order, with a neutral fermion f (the rem-
nant of the Bogolyubov quasiparticles of the superfluid),
the remnants of the pi vortices, {e±1,m±1}, and a charge-
1/2 boson that is 1/4 of the Cooper pairs of the super-
fluid and becomes a sharp deconfined quasiparticle in the
quadruple-vortex condensate state. The f particle has
mutual semionic statistics with the pi fluxes, and b and
e±,m± have mutual statistics θb,e± = θb,m± = e
±ipi/4.
Though the C2 value of the I2 vortex cannot be altered
by a gauge transformation, assigning symmetry proper-
ties to an object that transforms to a topological sector
I2 → I−2 may make one uneasy. In this case, one can
be reassured that an identical conclusion can be reached
using the formalism of Barkeshli et al. [72].
Under symmetry the f particle transforms just as the
original electron, having C2 = T 2 = −1. The half charge
boson, b, transforms conventionally under symmetry (T
acts trivially, C flips its charge and C2 = 1). The most
notable symmetry action, which captures the anomalous
symmetry structure of the SPT surface, is that C, T :
e±1 ↔ m∓1.
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